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ABSTRACT. This work is about global Holder regularity for solutions to
elliptic partial differential equations subject to mixed boundary condi-
tions on irregular domains. There are two main results. In the first,
we show that if the domain of the realization of an elliptic differential
operator in a negative Sobolev space with integrability ¢ > d embeds
into a space of Hélder continuous functions, then so do the domains of
suitable fractional powers of this operator. The second main result then
establishes that the premise of the first is indeed satisfied. The proof
goes along the classical techniques of localization, transformation and
reflection which allows to fall back to the classical results of Ladyzhen-
skaya and Kinderlehrer-Stampacchia. One of the main features of our
approach is that we do not require Lipschitz charts for the Dirichlet
boundary part, but only an intriguing metric/measure-theoretic condi-
tion on the interface of Dirichlet- and Neumann boundary parts. A
similar condition was posed in a related work by ter Elst and Rehberg
in 2015 [10], but the present proof is much simpler, if only restricted to
space dimension up to 4.

1. INTRODUCTION

In this paper, we consider global Holder regularity for solutions to ellip-
tic partial differential equations subject to mixed boundary conditions on
irregular domains, in the exemplary form

—div(uVu) +u=f in Q,
u=0 onD C 01, (1.1)
Vu-v=g onN:=00\D

for a bounded open set  C R? with the unit outer normal v at N, a bounded
and elliptic coefficient function g taking its values in R4, and integrable
functions f on Q and g on N. It is well known that Holder continuity
is a natural regularity class for solutions to elliptic problems such as
and Holder-equicontinuous sets of functions are precompact in the space of
uniformly continuous functions by the Arzela-Ascoli theorem. Such proper-
ties are, aside from intrinsic value, invaluable in the treatment of nonlinear
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problems. It is thus not surprising that this is a well researched subject and
affirmative results are known even in the case of irregular domains and mixed
boundary conditions with very weak compatibility conditions as established
for example in [10].

The intention of this paper is essentially twofold: Firstly, we prove that if
the domain dom(.A; + 1) of the functional-analytic realization A + 1 of the
elliptic differential operator in in a negative Sobolev space W, 1’q(Q)
embeds into a space of Holder-continuous functions, then so does the domain
dom((Ag + 1)7) of a fractional power of A+ 1 when o > § + 2%. (We will
introduce all objects properly in the main text below.) It is well known that
q > d is the expected condition in this context. This is done under the quite
general assumption that N admits bi-Lipschitzian boundary charts and D
is Ahlfors regular; the coefficient function y is not supposed to be more than
measurable, bounded and elliptic. (See Assumption below.) The main
motivation for this result are semilinear parabolic problems, since it is well
known that since the semigroup associated to .4, + 1 will be analytic, the
domain dom((Ag, +1)?) will be a natural phase space, see e.g. [23, Ch. 6.3].
We will come back to this below in a bit more detail.

Secondly, we consider a framework where the assumption of the first part
is in fact satisfied; that is, we show that dom(A,; + 1) indeed embeds into
a Holder space. This framework will essentially encapsulate the geometric
assumptions from the first part, together with a classical assumption pre-
venting outward cusps for D, and an intriguing metric/measure-theoretic
condition for the interface of D and N, the Dirichlet- and Neumann bound-
ary parts, which will ultimately allow to show that also at this interface,
we can transform the problem under consideration to one which satisfies
the foregoing classical assumption. (See Assumption below.) To this
end, we revisit [10] where the associated result was already established by
means of Morrey-Campanato spaces and De Giorgi estimates for all spatial
dimensions d including uniformity in the data, see [10, Thm. 6.8]. These
instruments are both quite natural and powerful, but also rather involved.
However, for spatial dimensions d up to 4 one can avoid this machinery
and rely on the classical results on Hdélder continuity for solutions of the
pure Dirichlet problem by Ladyzhenskaya and Stampacchia by much sim-
pler technical means. We carry out this simplified approach here. It is a
drawback of this method that we cannot reproduce the uniformity of the
Holder estimates with respect to the given geometry class. Nevertheless, for
many purposes this is not needed, like for example for the results in the first
part of this paper.

Motivation. It was already mentioned above that one of the main motiva-
tions to consider Holder regularity for dom(.A, + 1) and associated domains
of fractional powers comes from semilinear parabolic equations. Indeed,
consider the following abstract one, posed in some Banach space X:

W (t) + Aut) + u(t) = F(t,u(t)), u(0) = uo, (1.2)
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where A+ 1 is the realization of an elliptic operator such as the one in
in X. The way to treat such a problem by means of analytic semigroups is
well established by now under weak assumptions on F', which require that
the coordinate mappings t — F'(t,v) for fixed v and v — F(t,v) for fixed
t are reasonably well behaved, cf. [23, Ch. 6.3], the latter usually referring
to Lipschitz continuity on bounded sets of the domain of a fractional power
of A+ 1. A particular interesting and relevant case is that of Nemytskii
operators induced by scalar functions; these for example occur naturally
in the form of polynomials in reaction-diffusion problems. For this general
framework, the choice of the Banach space X is crucial. In fact, in the most
prominent case X = L?(Q2) and space dimensions up to 3, one can show
that not only the domain of the elliptic operator A + 1 in L?(Q) embeds
into L*>°(Q), but already the domain of a fractional power does so. This
is established in an even more general geometric context than the present
one, but only for a symmetric coefficient matrix u, in [11]; for the general
case, see also [22, Ch. 6.1] and Corollary [3.4] below. Since bounded functions
are, essentially, ignorant of growth induced by a Nemytskii operator, such
an embedding allows to consider very rough nonlinearities F' induced by
Nemytskii operators.

However, this strong property comes at a price, namely that a realization
of A+ 1 in L?(Q) implicitly restricts the considered problem to a strong
interpretation with homogeneous Neumann boundary conditions. But this
setup is in general insufficient for more sophisticated problems arising in
real world applications. This already concerns nonhomogeneous Neumann
boundary data. But also, consider for example a (two-dimensional) surface
S in the (closure of the) domain  C R3 and let Hs|s be the induced
two-dimensional surface measure. Let ¢ be a scalar and locally Lipschitz
function and let ® be the associated Nemytskii operator. Suppose that F
in is given by v — ®(v)Hz|s. Such a term would correspond to a
nonlinear modulation for a jump-type condition for the solution u(t) along
S in a strong problem formulation, and, indeed, such conditions appear for
example in the analysis of the semiconductor equations if surface charge
densities, concentrated on S, are involved, see [7,21] for a recent analytical
treatment; see also [25,26] for more physical background. (In this particular
example, there are also nonlinear modulations on the boundary.)

Clearly, in such a setup, it is not sufficient to have dom((A + 1)7) —
L>°(Q) only, since this will in general not be enough to interpret, much
less control, ®(v) on the lower-dimensional surface S in dependence of v €
dom((A + 1)7). Alternatively, one could try to rely on trace operators to
have a good control on v € L"(S;H2) and then ®(v) for r large enough in
dependence on the growth conditions of ¢. But this in turn would require
to pass through a Sobolev space W;P(Q) with s > 1/p and justifying such
a setup might be quite hard if one goes away from (s,p) = (1,2), whereas
the latter is rather limited, at least for d = 3.
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From our point of view, it is thus preferable to rely on Holder continuity
for the domain of a fractional power of A+ 1. Then elements from such
a domain are well defined on any subset of Q and, as mentioned above,
there are even compactness properties to exploit. It turns out that the neg-
ative Sobolev space W,,"4(§2), which is the (anti-) dual of Wé’q,(Q), with
q > d, provides the adequate functional-analytic framework X to obtain this
Holder continuity for the domain of a fractional power of the X-realization
of A+ 1, and then treat problems such as with inhomogeneous data on
lower-dimensional surfaces in €, be that OQ or S. Indeed, negative Sobolev
spaces are capable of representing distributional objects such as induced by
inhomogenenous data on lower-dimensional surfaces, and as already men-
tioned above, it is well known that ¢ > d is the natural threshold for which
one can obtain bounded or even continuous functions as elements of the
domain of the associated realization A4, 4 1, that is, for solutions v to the
abstract problem (A, + 1)u = f with f € ng’q(Q).

Context. As explained above, Holder regularity for elliptic problems such
as is a classical and ubiquitous subject in the regularity theory for par-
tial differential equations. We locate our work between [10] with essentially
the same, extremely general geometric setup but a much more sophisticated
and involved machinery to achieve the desired result with uniformity of con-
stants in the data in any space dimension, and [17], where the less general
framework of Groger regularity is used for dimensions up to d = 4. The tech-
nique of the present work, in terms of localization of an elliptic problem
and associated transformation to regular sets plus a possible reflection argu-
ment, is similar to the one employed in [17], but deviates from there along
the different assumptions on D. We note also that while there is no unifor-
mity statement in [17], there is the recent preprint [8] in which the authors
there trace the constants in [17] to obtain a uniform result, which is then
even transferred to solutions of parabolic problems. In all mentioned works,
the coefficient function is also only assumed to be measurable, bounded and
elliptic, as in the present one.

Overview. We set the stage with notation and the introduction of func-
tion spaces and differential operators with some associated properties in
Section Section [3] then deals with the first main result, Theorem [3.1
if the domain of the W 14(Q)-realization of A 4 1 embeds into a Holder
space, then so does the domain of a fractional power. The proof is based on
ultracontractivity of the semigroups associated to the LP(Q)-realization of
A + 1, which we transfer to the negative Sobolev scale via the Kato square
root property. Section [] then deals with showing that the premise of the
foregoing part is in fact satisfied in a wide geometric setting in Theorem [£.2]
For this result, the proof is somewhat extensive. We thus prepare it with
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a series of preliminary results on the techniques of localization, transforma-
tion and reflection in Section before proceeding to the actual meat of
the proof in Section

2. PRELIMINARIES

We first clarify some basic notation. The spatial dimension will be d > 1.
For x = (z1,...,24) € R? and » > 0 we denote the open ball around x
with radius 7 by B,(x). The d-dimensional Lebesgue measure in R? will be
written as Ay and wg = A\¢(B1(0)) means the volume of the unit ball. Given
a normed vector space V', we denote by V* the Banach space of antilinear
continuous functionals on V. Finally, we use the convention of a generic
constant ¢ that may vary from occurence to occurence but never depends on
the free variables in the actual context. All other notation will be standard.

2.1. Function spaces. Let A be a nonempty, bounded open subset of R?
and let F' C JA be a closed subset of its boundary. Then, for ¢ € [1, o0],
the first-order Sobolev space W14(A) is given by the set of L¢(A) functions
with weak first-order derivatives in L4(A). We set

C¥(A) = {u|A: u € C°(RY) with supp(u) N F = (Z)}

and we use this space to define the first-order Sobolev space with mized
boundary conditions W}’Q(A) as the closure of C%°(A) in W19(A). Fur-

thermore, by Wy Lap) = Wé’ql(A)* we denote the space of continuous

antilinear functionals on W;’ql(A), where (here and in all what follows)
1/qg +1/¢' = 1. Finally, as commonly used we write W,*?(A) for W5¥(A)
and W19(A) for W,,"(A).

For a € (0,1), let C*(A) denote the usual spaces of bounded and a-
Holder continuous functions on A with their norm given by the sum of the
supremum norm and the Holder seminorm. Of course, every function in
C%(A) admits a unique a-Holder continuous extension to A, so we will not
discriminate between a Holder-function on A and A.

2.2. Geometric setup. We next introduce some geometric assumptions on
the spatial domain €2. Throughout the article, {2 denotes a given nonempty
bounded open subset of R and D C 9 is a closed portion of its boundary,
the designated Dirichlet boundary part. We do not exclude that Hq_1(D) =
0, the (d —1)-dimensional Hausdorff measure. The Neumann boundary part
shall be denoted by N := 0Q \ D.

Assumption 2.1. We consider the following geometric assumptions for (2
and D:
(a) For all x € N, there is an open neighbourhood V and a bi-Lipschitz
mapping ¢y from a neighbourhood of V into RY such that ¢, (V) =
(=1, 1), ¢x(2N Vi) = {x € (=1, 1)%: 24 < 0}, ¢ (02N Vi) = {x €
(=1, 1)%: 24 = 0} and ¢« (x) = 0.
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(b) Disa (d—1)-set, i.e., there are constants c1, co > 0 such that for all
r € (0,1] and all x € D there holds

erTl < Hy (BT(X) N D) < cord!
where Hg—1 denotes the (d — 1)-dimensional Hausdorff measure.

Remark 2.2. In Assumption @ for x € N = 92\ D one may assume
without loss of generality that the local Neumann boundary part around x
is transformed to the full midplate of the cube, that is, ¢ (N N V) = {x €
(=1,1)4: x4 = 0}. In fact, since N is a (relatively) open subset of 95, the
image ¢, (N N Vy) is a (relatively) open subset of {x € (—~1,1)%: 24 = 0}
that contains 0. Thus, one may shrink Vi to a suitable set ¢3! ((—¢,¢)?)
and afterwards rescale ¢y to %qu.

Already the geometric setup of Assumption @ allows to construct
a continuous linear extension operator for first-order Sobolev spaces with
mixed boundary conditions. Indeed, the following result can be found in |4}
Thm. 1.2 and Prop. 3.4J:

Proposition 2.3. Suppose that Q@ and D meet Assumption . Then
there exists a continuous extension operator from W;)’I(Q) to WHL(RY) that
restricts to a continuous operator from Wé’p(Q) to WHP(RY) for all p €
[1,00).
Remark 2.4. Proposition allows to establish the usual Sobolev embed-
dings, that is, Wp4(Q) — LP(Q) for L > L —Lif ¢ < d and W;9(Q) —
c*(Q) fora<1-— g if ¢ > d, in a straightforward manner, including com-
pactness for the strict cases.

In particular, for d > 2 the form domain V' = Wll)’z(ﬂ) is embedded into

L%(Q), and in the case d = 2 it embeds into LP(2) for every p < oc.

2.3. Elliptic operators. We define elliptic operators via the form t on
V= WE’Q(Q) given by

t(u,v) = / wVu - Vo, u,v € V.
Q

Here, p is a real, measurable, bounded and uniformly elliptic coefficient
function in the sense that there exists some ey > 0 such that (pu(x)&, §)ga >
ken|€]? for all € € R? and almost all x € Q. Clearly, the form t induces a
natural operator A: V. — V*. For ¢ > 2, let A, be the part of 4 = A
in ng’q(Q) C V*. By the Lax-Milgram lemma, A + X is a topological
isomorphism between V and V* for every A with Re A > 0.

On the other hand, t also induces an operator A on L?(Q2) by

dom A = {u € V: there is f € LX(Q): t(u,v) = (f,v)12(q) for all v € V}
Au = f, for u € dom A.
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Since t is L?(Q)-elliptic, it is nowadays classical (e.g. [22, Thms. 1.54, 4.2
and 4.9]) that —A is the generator of a contractive analytic Cyp-semigroup
(e=4*) on L?(Q) which is both sub-Markovian and substochastic, that is,
positivity preserving and L*>(Q)- and L!(f)-contractive, from which we
obtain the semigroup on every LP(Q) for p € [1, 00| by interpolation.

These semigroups are contractive for all p € [1,00], they are strongly
continuous for p € [1,00), and they are analytic for p € (1,00), see |22,
Prop. 3.12, p.56/57&96]. We denote the respective (negative) generators
on LP(Q) by A,. Note that o(A4,) N [Rez < 0] = O for every p € [1,00)
by the Hille-Yosida theorem, and that the operators admit a bounded H*°
functional calculus ([6, Cor. 3.9]) for p > 1; in particular, their fractional
powers are well defined. Moreover, for p > 2, the operators A, are the part
of A= Ay in LP(Q).

All the properties mentioned so far do not require any regularity as-
sumption on 2. Under the geometric assumptions from Assumption [2.1
however, we can say a bit more about the operators A,. Indeed, with As-
sumption [2.1|[(a) we have o(Ay) N [Rez < 0] = 0 for ¢ > 2 due to Sobolev
embeddings via Proposition and the restriction of the space dimension
d < 4. Moreover, several of the good properties of A, can be transferred to
A, by means of the square root in this setting, which we do next.

Proposition 2.5. Let ¢ € [2,00) and adopt Assumption [2.1. Then the
following hold true.

(a) The inverse square root operator (Aq + 1)=Y2 provides a topological
isomorphism between ng’q(Q) and L1(Q).

(b) The negative of the operator A, generates an analytic semigroup on
W,(9).

(¢) For s € [0,3), we have dom((Ag + 1)1/27%) = dom (A4 + 1)*).

Proof. In [5, Thm. 1.1] it is proved that A + 1 has the Kato square root
property in the present geometric setting. (And even beyond that.) Using
this fundamental property, the claim @ is one of the main results in [2],
see Theorem 5.1 there. Further, since (A, + 1)~! and (A4, + 1)~ coincide
on L(2), so do the inverse square roots, and we have the similarity

(Ag+ N7 = (A + DY2(A, + V)M A, +1)7 Y2,

Hence, we can transfer the generator property for an analytic semigroup
from —A, to — A, by means of resolvent estimates, see the characterization
in |12, Thm. 11.4.6]. (Note that we do not claim the semigroups generated
by —A, to be contractive.) This implies @ Finally, the fractional powers
of A, are well defined since the bounded H> calculus also transfers from
A, to A, by means of the square root (|2, Thm. 11.5]). Then, follows
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immediately from @ since

dom (A + 1)) = (4, + 1) 727w, (@)
= (A + 1) °LYQ)
= (Ag+1) "LYQ) = dom((Ag + 1)%). O

3. EMBEDDINGS FOR DOMAINS OF FRACTIONAL POWERS OF .Aq +1

In this section we show that if the domain of .4, +1 embeds into a Holder
space, so do suitable fractional powers of this operator. We remark on the
domain of A, after the proof of Theorem The question of when the
domain of A, + 1 actually embeds into a Holder space will be considered in
Section [l

Theorem 3.1. Let Assumption be satisfied and let ¢ > d. Suppose
that dom(Ay + 1) — C%(?) for some a > 0. Let k € (0,a) and o €
(3 + 2% +E51 - 2%), 1). Then we have
(W5 (), dom(Ag + 1)), = C*(Q) and  dom((Ag +1)7) — C*().
Before we start with the proof, a short remark:
Remark 3.2. Via Proposition [2.5 we also obtain from Theorem that
dom((A4 +1)°) — C*(Q)

for ¢ € (% + g(% — 2%), %) This is interesting because there is a natural
connection between embeddings of the domain of a fractional power of A,+1
into a Holder space and the Holder continuity of the heat kernel associated to
the semigroup generated by the negative of A, + 1. We refer to [22, Ch. 6.2]

and leave the details to the interested reader.

Our proof of Theorem [3.1] is based on ultracontractivity of semigroups
generated by —A,. We use ultracontractivity to derive a precise regularizing
property for inverse fractional powers of A; + 1 and then in turn transfer
this to the A, operator by means of Proposition @

The semigroups (e~47!) are said to be ultracontractive if there exists a
constant ¢ > 0 and some v > 0 such that

He‘APtHLp(Q)HLOO(Q) <ct™w forallte (0,1], p € [1,00). (3.1)
In fact, if v > 2, then this property is equivalent to V < L%(Q); we
refer to |1, Ch. 7.3]. We concentrate on this case, since under the geomet-
ric assumptions of Assumption @, Proposition provides a Sobolev
extension operator from which the foregoing Sobolev embedding for V' with
v =difd > 2 and any v > 2 if d = 2 follows immediately as noted in
Remark 2.4] This is already the proof of the next proposition:
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Proposition 3.3 (Ultracontractivity). Adopt Assumption . Then
the semigroups (e~“»!) are ultracontractive, that is, there exists ¢ > 0 such

that (3.1)) holds true for v =d if d > 2 and v > 2 arbitrary if d = 2.

We infer the following regularizing property for the inverse fractional pow-
ers of A, + 1 for p > d/2:

Corollary 3.4. Adopt Assumption and let p > d/2. Then, for
every T € (%, 1], we find (A, +1)77 € L(LP(Q) — L>®(Q)). In particular,
dom((A, +1)7) = L>(Q).

Proof. Consider the well-known Balakrishnan formula

L R W

(Ap+1)7 = / T e rte T dL.
? I'(7) Jo

We split the integral fooo e fol + floo. From Proposition and the growth

bound ([3.1)) for (e=4#?), one observes immediately that the condition 7 > %

is sufficient to have the fol integral converge in L(LP(2) — L*>(R)). (For

d = 2, squeeze % between % and 7 by picking « close enough to d = 2.)
For the floo integral, we note that for ¢ > 1, we have ¢"~! < 1 and moreover,
due to both ultra- and ’regular’ contractivity of the semigroup generated by

_Ap’

) [ sc

P oy

with the constant ¢ as in (3.1). Thus the floo integral also converges in
L(LP(Q) — L>(2)) and the claim follows. O

As a last auxiliary result of potentially independent interest, we note the
following remarkably simple embedding which holds true for any bounded
open set without further assumptions on its geometry:

Lemma 3.5. Let a > 0. Then (L®(Q),C%))g1 — CY(Q) for any 0 €
0,1).

Proof. Let u € C*(Q2) and estimate

0
u(x) —u(y _ ulX) —uly
| ( ) 059 )’ < sup ‘U(X) _ U(y)|1 0 sup | ( ) ((19)|
x,y€Q |X - YI x,y€Q X,yEQ ’X - Y‘
x#y X#£y XF£y

—0 0
< (2lull (o)’ [ull o q)-
Together with an obvious estimate for sup,cq |u(x)| one gets, for every u €
c* (),
—0 0
lulleogay < 3l g I oy

Thus, referring to [24, Lem. 1.10.1], C*?(2) is of class J(#) with respect to
L>(92) and C*(Q2) from which we obtain the desired embedding. O
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Proof of Theorem[3.d] Set 6 :== r/a € (0,1) and o € (5 + % +6(3 — 2%), 1)
as in the theorem. A short computation shows that we can write o =

(1—6)(3+7)+0 with some 7 € (2%, 3). Thus, the reiteration theorem (|24,
Thm. 1.10.2]) implies that

(ng’q(ﬂ)a dom(Ag + 1))0,1

— ((nglvq(ﬂ), dom(A, + 1)) dom(A, + 1))

%—i—‘r,l’
We show that the first space on the right embeds continuously into L>°(€2).
Indeed, by interpolation for fractional power domains of so-called positive

operators as in [24, Thm. 1.15.2], we have

(Wp (), dom(Ay +1)), | < dom((Ag + 1)),

But for 7 € (2%, 3), by combining Proposition this is the point

where we need Assumption [2.1][(b)}—and Corollary we find
dom ((Ag + 1)/2F7) = dom ((Ag + 1)7) — L>(Q).

By assumption, the restriction of the foregoing embedding to dom(A,+1) is
precisely dom(Ay +1) < C%(). Interpolating these and using Lemma [3.5]
we find

(ng’q(Q), dom(Ag + 1)) _, < (L%(), CQ(Q))Q L= c%(Q)

o,1 )
and this was the claim, since af = k.

Now the embedding for dom((A, + 1)7) itself follows easily by squeezing
s between % + 2% +E(3 - 4 and ¢ and using the previous part via [24,

2
Thms. 1.3.3 and 1.15.2]: !
dom((Ag +1)7) = (W5 (Q), dom(A, + 1))
= (W5 "(Q),dom (A, + 1)), | = C™(Q). O

The domain of A4,. In the above proof, we have worked only with 4, +
1 to have an invertible operator at hand which is much more convenient.
The Banach spaces dom(A;) and dom(A,; + 1), each with the respective
graph norm, are always equivalent as Banach spaces, so Theorem is also
valid when substituting A, for A; + 1. On the other hand, it is often also
interesting to consider the operators with the respective 'reduced’ graph
norm, that is, [|(Ag + 1) - ”Wﬂl’q(ﬂ) and || Ay - ||W51,q(Q). (For example, the
main result in the upcoming Section {4|involves this norm in a natural way.)
These ’reduced’ graph norms are equivalent to the full graph norms if the
operator in question admits a continuous linear inverse. This is the case for
Aq + 1, but A, might be non-injective; it is injective if A is.

By the Lax-Milgram lemma, the operator A in turn is injective whenever
we have a Poincaré inequality for V at hand. For the latter it is enough
to establish that nonzero constant functions do not belong to V. Within
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our geometric setup of Assumption this is already guaranteed by either
DN N # 0, so the Dirichlet- and Neumann boundary parts share a common
interface, or by D containing at least one (relatively) inner point. See for
instance |9, Lemma 7.3]. (In fact, in the former case it is already enough to
have Lipschitz charts for all points in the relative boundary 0D within 0f2
at hand; cf. [6, Sect. 6].)

In this sense, the statement for A, +1 in Theorem can be immediately
transferred to A, also for the reduced’ graph norm whenever the geometry
assumptions admit a Poincaré inequality for V.

4. HOLDER PROPERTIES FOR dom(A, + 1)

In the main result of Section [3| the embedding of dom(.A, + 1) into some
Holder space was a given. We now turn to the question when such an
embedding is true. A very general answer was given in [10, Theorem 1.1],
where the result in Theorem below was proved for all space dimensions
d. This proof is extremely involved, the natural instruments being Morrey-
Campanato spaces and De Giorgi estimates.

However, for dimensions up to 4 one can avoid this machinery and base
the arguments only on the classical Ladyshenskaya result on Holder conti-
nuity for solutions of the pure Dirichlet problem, see Proposition [£.4] below,
and some more elementary yet intricate technical means. This is what we
will carry out here. The present approach also allows to obtain a uniform
result with respect to the L*°(£2)-bound and ellipticity constant key of the
coeflicient function p.

In order to formulate our main result of this section, we introduce two
more geometric conditions; the first one relies on the rather classical notion
with a twist of saying that an open subset A of RY is of class (A,) (at
T C OA) with a constant vy > 0, if

Ad(Br(x) \ A) > vAi(Br(x)) forallx € Y, r € (0,1].
Of course, necessarily v < 1. This condition prevents inwards cusps of A at
T. If T = OA, we just refer to A being of class (A). The second condition,

rather intriguing, concerns the interface between the Dirichlet boundary part
D and the Neumann boundary part N = 092\ D in the boundary of €2

Assumption 4.1. We consider the following further geometric assumptions
for Q and D:
(a) There is some 7y € (0,1) such that Q is of class (Ay) at D.
(b) Using the notation of Assumption [2.1][(a)] there are two constants
co € (0,1) and ¢; > 0 such that for any point x € E := DN N, every
y € R4! such that (y,0) € ¢ (E N Vi) and every s € (0,1] it holds

Ad—1 ({z € Bs(y): dist(z,qSX(N N VX)) > COS}) > st L

Here and in the sequel, B, (y) denotes the open ball of radius r in
R with its center at y € R%"!, and in the distance function we
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tacitly consider ¢,(N NVy) C [z4 = 0] as a subset of R"! in the
obvious manner.

We can now formulate the main theorem of this section.

Theorem 4.2. Suppose that Q) and D satisfy Assumption and As-
sumption and let ¢ > d with d € {2,3,4}. If d = 4, suppose also that
Assumption is satisfied. Then there is an o > 0 such that for every
fe ng’q(Q) the equation

(Ag+ v =f (4.1)

has a unique solution v € Wll)’z(Q) that belongs to the Hélder space C(€).

Moreover, the mapping WBl’q(Q) > f = v e C¥N) is continuous and its
norm is uniform with respect to the L*(Q)-bound and ellipticity constant

Ken of fi.

Let us mention that in [10], Assumption @ is not needed at all for
the proof of the Hélder continuity (|10, Thm. 6.8]). Here, it is required for
a technical step in the localization of (4.1)) in space dimension d = 4.

Remark 4.3. We comment on Theorem [4.2]

(a) Assumption @ (Lipschitz charts at N) implies that © is also
of class (A,) at N. This follows from the fact that bi-Lipschitz
mappings preserve the Lebesgue measure up to a constant, see [13|
Thm. 2.5 and Thm. 2.8], and compactness of N. Together with
Assumption [£.1][(a)l  is thus of class (A).

(b) It is well known that, in general, the condition ¢ > d is already
necessary for the boundedness of the solution, see [19, Ch. 1.2].

(c) It is easily seen that if f € LP(Q) with p > d/2, then also f €
Wy L9(Q) where ¢ = 2p > d with continuous embedding thanks to
Remark In this sense, Theorem is also a result on Holder
regularity for the operators A, + 1 for p > d/2. (Note that so far
we had only seen that the LP(2)-solution to is in L>®(Q) via
ultracontractivity as in Corollary [3.4}—but this was already true for a
fractional power of A, +1 and so some opportunity for improvement
for A, + 1 itself was expected.)

Let us sketch an outline for the proof of Theorem (.2l We will rely
on the classical techniques of localization, transformation and reflection to
tackle in the form of a finite number of similar problems on model
sets with a very particular geometry. For these we will rely on classical
Holder regularity results of Ladyzhenskaja or Stampacchia which base on
variants of Assumption @ The treatment of local problems at the pure
Dirichlet part D\ N will be quite immediate due to Assumption @,
and we will also be able to transfer the Neumann boundary part N =
90\ D to the pure Dirichlet situation via Assumption [2.1][(a)] and reflection
techniques. Of course, the most interesting part will be the interface D N N
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with Assumption @ The intriguing idea here is that Assumption
will allow to transform the localized problem once more in a particular way

such that the resulting set will in fact be amendable by Assumption @

4.1. Localization and transformation techniques. In this subsection
we recall, for the reader’s convenience, some technical results on localization
and transformation techniques for which are needed later on. For all
the following considerations the coefficient function p is considered as in
Section [2} in particular it is elliptic with constant k.

We start by quoting a classical theorem (see |18, Ch. IT Appendix B/C])
on the Holder continuity for the solution of the Dirichlet problem. The
result is formulated for a generic bounded domain A C R% since we will use
it for several local model sets in the proof of Theorem the definitions of
wand A are to be understood mutatis mutandis.

Proposition 4.4. Let A C R? be a bounded domain and let v € Wol’z(A) be
the solution of

40
_ J
Ay_ﬁ+;;%# (4.2)

where fo, f1,..., fa € LY(A) with ¢ > d and % denotes the distributional

derivative. Then the following holds true. ’

(a) The function v admits a bound

d
[[v|lpeeay < € Z 1 £illLaca)- (4.3)
=0

(b) Suppose that there exists v € (0,1) such that A is of class (A,).
Then v is Hélder-continuous, more precisely: there is an o € (0,1)
independent of fo, f1,.-., fa such that

d
sup  [v(x) —v(y) < e > I fillpaay (4.4)
x,yE€Br(z)NA =0

holds true for all z € R% and r > 0.

In both estimates (4.3|) and (4.4), the respective constant is uniform in the
L>(A)-bound and ellipticity constant of .

Remark 4.5. The right hand side of (4.2) is to be understood as the anti-

linear form
d a@
Wy (A) H/ 0= fi
0 ( ) @D Af(ﬂ/] = fjax]

which clearly belongs to W~14(A) < W~L2(A). Thus, the uniqueness of
the solution v follows from the ellipticity of t and the Lax-Milgram lemma.



14 R. HALLER, H. MEINLSCHMIDT, AND J. REHBERG

On the other hand, while every antilinear form in W~19(A) can be
represented in the foregoing form, this representation is in general non-
unique. But it is in fact well known that W~14(A) is isometrically iso-
morphic to the quotient space with respect to such representations; see |20,
Ch. 1.1.14]. Hence, taking the infimum over all representing families in the
estimates and , in the setting of Proposition one obtains the
continuity of

AT WHI(A) — CO(A),

The norm of this mapping is uniform in the L*°(A)-bound and ellipticity
constant of u.

The following extrapolation of the Lax-Milgram isomorphism will give us
the small € in regularity that allows us to treat also the case of dimension
four.

Proposition 4.6 ([15, Thm 5.6]). Let Assumptions and|[(b) be sat-
isfied. Then there is an € > 0 such that dom(A, + 1) = Wé’q(ﬂ) for all
q €[2,2+¢), that is, the operator

Ay +1: WEUQ) — W)

is a topological isomorphism. The norms of (Ay + 1)~ are uniform with

respect to € and the L>°(Q)-bound and ellipticity constant Ky of .

The plan how we aim to prove Theorem was already sketched above.
We now have seen the main tool with which we leverage Holder-continuity
for the localized and transformed problems in the form of Proposition [4.4]
It remains to make sure that the localization, transformation and possi-
bly reflection techniques are compatible with Proposition this concerns
continuity for the associated mappings between the function spaces involved
and of course in particular the assumption in the domain in Proposition 4.4
for the actual Holder estimate.

This we will do in the following series of technical lemmas. We start
with three of them that deal with the localization. Recall the notation
N =09\ D for the Neumann boundary part. First, we deal with localized
Sobolev functions with partially vanishing trace.

Lemma 4.7 ([17, Ch. 4.2]). Let U C R? be open and set Qe = QN U as
well as Dy == 0Q \ (UNN). Fix an arbitrary function n € C°(R?) with
supp(n) C U. Then for any q € (1,00) we have the following assertions:

(a) If v € WHY(Q), then nvla, € WrI(Q).

(b) Denote by Ey the zero extension operator and let f € ng’q(Q).
Then f > fo with

fo:w <f, Eo(nw)>, w € W},’f/(ﬂ.) (4.5)

defines a continuous linear operator WBl’q(Q) — WB}’q(Q.).
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The next lemma is about the localization of a solution v to the elliptic
equation (A + 1)v = f and the ’localized’ equation. Here and also in the
following, we will need several versions of the divergence-gradient type op-
erators A with different underlying spatial sets, coefficient functions and
associated Sobolev spaces respecting partially vanishing trace conditions.
We will use the notation —V - nV with the coefficient function 7 for these.
It will always be clear from the context which precise incarnation is meant.

Lemma 4.8 ([17, Lem. 4.7]). Let U, n, Qe and D, be as in the foregoing
lemma. Set pe = plq, and consider the operator —V - e V': Wll)’?(Q.) —
Wpl?(Qa). Let f € Wt*(Q) and let v € WS(Q) be the solution of
(A+1)v=f. Then u:=nv|q, satisfies

—V peVu = f* = fo = V- vpeVn — naVolo, - Vilo, —nvla,  (4.6)
in WB.LQ(Q.) with fe as in (4.5)).

Note that although we do not rule out the case Dy = 0, in fact, in the
actual proof of Theorem D, will always be a nontrivial boundary part
of €. It is thus convenient to consider the localized problem without a zero-
order term as in (4.6 which will also tie in with Proposition smoothly.

Lemma 4.9. Let Assumption be satisfied; if d = 4, let also As-
sumption hold true. Take U, n, Qe and Do as in Lemma and

assume that there is a linear extension operator which acts continuously from
Wéf(Q.) into WL (R?) for every r € (1,00). Let further q > d.

Then there exists p > d such that f € ng’q(ﬂ) implies f® € WB}”’(Q.),
where f* is defined as in Lemma via (A + 1)v = f, and the mapping
WBl’q(Q) >fe f*e WB}’p(Q.) is continuous.

Proof. We first recall that the usual Sobolev embeddings hold for 2—cf. Re-
mark 2.4}—and Q.. Now, let us consider the terms in the right hand side
of (4.6]), so the definition of f*, from left to right. We have f, € WB}’Q(Q.)

depending continuously on f € W, 1’q(Q) thanks to Lemma so this
term is fine without further ado. For the remaining terms, we distinguish
between d = 2,3 and d = 4, starting with the former. We note that the
proof of the continuity of f +— f*® is implicitly contained in the following
estimates.

Let first d = 2,3. Due to the Lax-Milgram lemma and Sobolev embed-
ding, we have

||U||WE’2(Q) < CHfHWEl’Z(Q) < CHfHWEl’q(Q) (4.7)

where ¢ only depends on geometry and the ellipticity constant of u. Con-
cerning —V - v V1), for any p € [1, 00] we have the estimate

(=V - vV, w)|
< [Jllr@q) 18l oo (raxay [Vl Lo (4) HwHWLp'(Q.) (4.8)
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In particular, for p = min(q, 6) > d, we find
(= - sV, 0] < el sy Nl imqmocsy 9o Nl

thanks to the Sobolev embedding W]13’2(Q) — L5(Q) — LP(Q) and esti-
mate . Thus, —V - vuesVn € WB}’p(Q.). The same argument and
moreover shows that nv|q, € LP(2e) — Wl;.l’p(Q.).

Concerning the term peVu|q, - Vn|q,, it is easily observed that if v €
Wé’T(Q), then the term belongs to L"(£2) with the estimate

eV ola, - Vilaullr@) < [l @paxay IVl o @10l 1r ) (4:9)
In particular, for r = 2, we obtain via (4.7):
e Vla, - Viladllz2) < ellpll Lo @umraxay [Vall o @ L Flly 1 q)-

Thus, with the same choice for p as before, e Vv|q, - Vnla, € ng’p(ﬂ.)
due to the embedding L?(Q4) < Wp P (Q).

Now let d = 4. Thanks to Proposition there is an € > 0 such that
vE Wllj’2+8(Q) with the estimate

HU||W11),2+E(Q) < c”f”wglvﬂs(g) < c”f”wl;l»q(g)' (4.10)
Having this at hand, for the estimate of the term —V - vu,Vn we again
exploit (4.8)), this time taking p =4 - %—i‘i such that precisely W117’2+E(Q) —
LP(Q)). Note that p > 4 = d. Again, it follows analogously, this time
via ([(.10), that nv|o, € LP(Q) < Wl;.l’p(Q.).
Finally, we estimate again as in but pick r = 24-¢ and consider
to observe peVolq, - Vnla, € L2¢(£,) together with the estimate

eV ola, - Vila,llL2+=(@) < ellpll Lo uraxa [Vl oo @) | Flly 10 ()

With p = min(g, 42%¢), one has the embedding L2+ (Q,) — WB}’p(Q.) and
the claim follows. |

We now consider bi-Lipschitz transformations of the geometric setting.

Proposition 4.10. Let A C R? be a bounded, open set that is a Lipschitz
domain, i.e., A satisfies Assumption in every point x € OA. Let
> be a closed subset of its boundary. Assume that ¢ is a mapping from a
neighbourhood of A into RY that is bi-Lipschitz. Let us denote A7 := ¢(A)
and X7 = ¢(X). Then the following holds true.
(a) For every p € (1,00) and every o € (0,1), the mapping ¢ induces a
linear, topological isomorphism ®f == f o ¢ acting between

O: WL (A*) = WeP(A) and C%(A%) — C*(A).

(b) Let w be an essentially bounded, measurable function on A, taking
its values in the set of (d x d)-matrices. Then

o* [—V-wV}@z V- wtV
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with
(D¢) (¢~ (y)) w(o~'(v)) (Do) (67 (¥))
| det(Dg) (¢~ 1(y))|

for almost all y € A¥#. Here, D¢ denotes the Fréchet derivative of ¢
and det(D¢) the corresponding determinant.

(¢) If w is real and uniformly elliptic almost everywhere on A, then so
is w? on A*.

W (y) =

(4.11)

Proof. The proof of @for the Sobolev spaces is contained in [14, Thm 2.10];
for the Holder spaces it is easy to verify. Part|(b)|is well known, see [16] for
an explicit verification, or [3, Ch. 0.8]. Finally is implied by and
the fact that for a bi-Lipschitz function ¢ the derivative D¢ and its inverse
(D¢)~ ! are essentially bounded, see [13, Ch. 3.1]. O

It will be very useful that the class (A,) as in Assumption @ is
preserved under bi-Lipschitz transformations, precisely:

Lemma 4.11. Let ¢: R — R be a bi-Lipschitz map and assume that Q
and D satisfy Assumption[{.1[(a), so Q is of class (A,) at D. Then ¢(Q)
is of class (A,,) at ¢(D), that is, there is a constant vy > 0 such that for
ally € D and all r € (0,1]:

Mi(Br(9(3)) \ 6(2)) = 16 Aa(Br(6())-

Proof. For every Lebesgue measurable set B C R¢ one has the estimate
Xa(B) > e%)xd(d)_l(B)), where £ is a Lipschitz constant of ¢~ cf. |13|
Thm. 2.5 and Thm. 2.8]. This entails for every y € D and all r € (0, 1] that

M(Br (6 \ 6(92) = 2 2a(67 (Bo(6(3) \ 6(52)
= 2i2a(07 (Br(6(1)) \ 9)-

1
But ¢~ !1(B,(¢(y))) contains the ball Br (y), where L > 1 is a Lipschitz con-
stant of ¢. Using this and Assumption @ we may continue to estimate
by

(B ()\0)
> (B3 (v)) = 7 a(Br(6()))
and we are done. -

As a final step in this preparatory subsection, we prepare the reflection
argument in the proof of Theorem [£.2] For this we consider the matrix R :=
diag(1,1,...,1,—1) € R%*? and define the bi-Lipschitz map ¢r(x) = Rx for
x € RY that reflects at the plane [z4 = 0].
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Lemma 4.12. Let A C [zg < 0] be open and bounded and define T as the
(relative) interior of ON N [xqg = 0] in the plane (x4 = 0]. Furthermore, set
Y= OA\T and A := AUT U ¢g(A), and consider for v € Wé’Z(A) the
reflected function v on A with

(y) = {U(Y) ify € A,
v(Ry) if Ry € A.
Then the following holds:
(a) If v € Wé’Z(A), then ¥ € Wolz(f\)
(b) Consider ® defined as in Proposition for ¢ = ¢r. Let [ €
W£1’2(A) and set

() = (£ 0la) + (@ fdlonn), ¥ € CE(A).
Then f — f is continuous from ng’p(A) to W(;l’p(K) for every

p=>2.
(c) Letn: A — R Define the reflected coefficient function i) on A by

iy) = n(y) ify €A,
T =Y Ry(Ry)R if Ry € A.

Let v and f as before. Then we have

~

—V-nVu=f - -V .-qVo = f.

Proof. In order to prove @, note first that—thanks to the special geometric
constellation—every ¢ € C°(A) can be extended by zero to the whole half
space H_ = [x4 < 0], resulting in a function in W2(H_). By the density
of C¥(A) in W;}’Q(A) it follows that this extending procedure provides an
isometry Ej from Wé’z(A) into Wh2(H_). Now let v € Wé’Q(A). We
consider Eyv and reflect this function across the boundary of H_ to obtain
a function v+ € W12(RY) on all of R that satisfies

losllwraa = 20 Evllwragry = 2ollyz )
This is easily verified by direct calculations. So, summing up, the mapping
v Egu = vg vt =0

is continuous from Wé’Q(A) to W1’2(K). It remains to show that indeed
ORS W012(K) To this end, let (v;) C C°(A) be an approximating sequence
for v in Wé’Q(A). Note that it is clear that (vg)+|; approximates ¢ in
W1’2(1AX) and the supports of (vj)+|;z have a positive distance to dA, but
the functions are not smooth any more in general. But this can be rectified
by mollifying each (vy)+|; with a suitable regularizing kernel such that the
resulting smooth functions’ supports still have a positive distance to 87&,
and it is easily shown that these functions still approximate ¢ in WLQ(K),

so v € W&Z(K)
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The proof of @ and is concluded from a straightforward calculation
and application of the definitions of the operators —V - yV and —V - iV
together with Proposition O

Remark 4.13. From the proofs of the foregoing framework for localization,
transformation and reflection it is easily seen that each step preserves uni-
form bounds in the data of an elliptic equation for a fixed geometry, that
is, the right-hand side and the coefficient function. In this sense, when-
ever a result on elliptic regularity on the localized, transformed or reflected
level yields a uniform estimate on the solution in the aforementioned data,
this uniform estimate carries over to the original situation immediately. Of
course, this is exactly the case for our main tool, Proposition [4.4]

4.2. Proof of Theorem We now start the proof of the Holder continu-
ity following the program sketched in the preceding subsection, cf. page [12]
According to the hypotheses of Theorem [£.2] from now on we suppose that
Q and D satisfy the Assumptions @ and, if d = 4, also @ as well as
(always) Assumption

In order to start the localisation procedure, we fix some notation. For the
Neumann boundary part we use again the shorthand N = 90Q \ D. Now,
based on Assumption @, choose for every x € N an associated open
neighbourhood V4 and let {Vi,,...,Vk, } be a finite subcovering of N.

Furthermore, choose a bounded open neighbourhood W of Q and put
Uy =W \W Then Uy is open and one has

UyNQ=0Q and UyNN =0.

The system U := {Ug, Vx;, Vs, - - - Vx,, } forms an open covering of Q. More-
over, all sets in U give rise to extension domains; this will come in handy in
view of Lemma

Lemma 4.14. Let U € U and put Qe .= QN U and Dy :== 9Q \ (U N N).
Then for all v € (1,00) the space Wé’:(Q,) admits again the continuation

property, i.e., there is a continuous extension operator €y : WE’T(Q,) —
WL (R?) which is even universal in r.

Proof. In the case U = Uy one has D, = 0f)s by construction. Thus,
Wll)f(Q.) = W, (%) and the trivial extension by zero does the trick even
without any condition on the boundary. If U = V4;, then Q¢ = QN V4, is
mapped onto the lower half cube {x € (—1,1)¢: 24 < 0} by the bi-Lipschitz
map ¢y; that is defined on a neighbourhood of Q., cf. Assumption
The lower half cube is a Lipschitz domain. Thus, €2, is also a Lipschitz
domain and there is even an extension operator from W17 (€,) into W17 (R%)
which is also universal in . See Proposition mutatis mutandis for 2 = Q,
and D = 0. O
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Corresponding to the open covering U of Q we choose a smooth partition
of unity {no,m1, .., mm} C C°(R?) such that supp(1o) € Up and supp(1;) C
Vi, for j € {1,...,m}.

Let from now on ¢ > d be fixed, let f € ng’q(Q), and let v € WEJ(Q)
be the solution to [4.1)), so (A + 1)v = f. We write v = > jsomjv and aim
to show the Holder continuity of every function n;v seperately. The easiest
case is 7 =0:

Lemma 4.15. There exists an ag > 0 independent of f such that nov €
C*(Q) and the estimate

Imov|lcao (o) < c||f||WL_)1,q(Q)

holds true. The constant ¢ is uniform with respect to the L (Q)-bound and
ellipticity constant ke of the given coefficient function p.

Proof. Since N does not intersect Uy, the function ngv belongs to VVO1 ’Z(Q),
cf. Lemma [£.7] Moreover, by Lemma and Lemma there is a p > d,
only depending on ¢ and the geometry, and fo € W~1P(Q) such that the
function ngv satisfies the equation

-V - uV(nov) = fo. (4.12)

Recall that as mentioned in Remark Q2 is of class (Ay). So we are
now in the setting of a pure, homogeneous Dirichlet problem and can apply
Proposition [4.4} note also Remark This yields that the solution ngv
of is Holderian of some degree g with the estimate

mov]lceo @) < cll follw-1p(0)-
Finally, combining Lemma and Lemma [£.9] we conclude that

Inovliceo@) < ellflly=raq),

where ag does not depend on f. For the uniformity claim, see Remark [£.13]
U

We turn to the Hélder continuity of the functions n;v for j € {1,...,m}.
For these, there will be a part of the Neumann boundary N present. To make
do with this, we transform the localized problems via the diffeomorphisms
¢x; to the model constellation on the unit cube as in Assumption @,
which enables us to use a reflection argument to end up in a situation with
a pure Dirichlet boundary condition. Then we can conclude by Proposi-
tion For this we introduce the notation @ := (—1,1)? for the unit cube,
Q- ={x € Q: xq <0} for its lower half and P := {x € Q: x4 = 0} for its
midplate.

Due to Lemma there is p > d such that each of the functions n;v,
j=1,...,m satisfies an equation like

=V - uV(njv) = f; € Wy (N V),
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with D; = 9(2N V4,) \ N. Note that the right hand sides f; continuously
depend on f, see Lemma According to Proposition one may
transform these equations under the bi-Lipschitz diffeomorphisms ¢y, and
pass to the equation

—V - pf Yy = g5 € Wy 'P(Q-), (4.13)

where ¥; = ¢ (D;) € 0Q_ is the transformed Dirichlet boundary part,
w; € Wzl:f (Q-) is the transformed version of the function TIjU|QﬂVXj and g;
is the transformation of f;. Note that the whole 'lower mantle’ boundary
dQ_ \ P belongs to X;, since ¢y, (N NV;,) C P.

From now on we distinguish whether x; € N or x; € DN N, starting with
the former.

Lemma 4.16. Let j € {1,2,...,m} with x; € N. Then there is some
a; > 0 independent of f such that njv € C*(2) and we have

vl o) < CHfHWBl’q(Q)‘

The constant ¢ is uniform with respect to the L>(Q)-bound and ellipticity
constant key of the given coefficient function p.

Proof. Thanks to Remark we can assume that ¥; = 0Q_ \ P. Thus,
exploiting Lemma[f. 12| with A = Q_ and I' = P, the symmetrically reflected
function w; belongs to the space VVO1 ’Q(Q) and obeys an elliptic equation on
the cube Q with the right hand side g; € W~1?(Q). The cube @ is obviously
convex and satisfies the regularity condition in Propositionwith v=1/2.
Thus, said Proposition applies and gives us Holder continuity of w; of
degree, say, v, with an estimate in g; € W~1?(Q). By Proposition
Lemma [£.12] and Lemma [£.9 via Lemma [£.14] we then have

HnjUHCO‘j(QHVXj) < clwjlleei gy < cllwilleei o)
< C”g\jHW*LP(Q) < CngHngl’p(Q,) < CHfj”Wle’P(QmVX].) < chHWE)l’q(Q)'

Since the support of n; has a positive distance to  \ Vi, the a;-Holder
continuity and norm estimate is preserved for n;v on the whole 2. For the
uniformity claim, see again Remark ([

It remains to treat the patches with x; € DN N and it is here that
Assumption @ comes into play. In order to reformulate this condi-
tion in our current notation, for some set M C 9@ _, we denote its relative
boundary inside 0Q_ by bdsg_(M) and inside P by bdp(M). Then As-
sumption [£.1)[(b)] reads as follows: There are two constants ¢y € (0,1) and
c1 > 0, such that for all (y,0) € bdp(¥;) and all s € (0, 1] we have

Ai—1({z € Bs(y): dist(z, P\ 5;) > cos}) > ers® L. (4.14)

Later on it will be convenient to have this condition not only for the points
in the interface bdp(X;), but for all points of ¥; inside P. It is an interesting
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fact that this comes for free, once we suppose it on the interface. This will
be elaborated in the next two lemmas.

Lemma 4.17. Condition ({4.14)) carries over to all points (y,0) € bdag_(35)
with possibly different constants cy,c1 > 0.

Proof. Since 0Q_ \ P C ¥;, we have the inclusion
bdaQ_ (Ej) = bdaQ_ (Ej N P) - bdp(Zj) U bdaQ_ (P)
For (y,0) € bdgg_(P) we estimate

)\d_l({z € By(y): dist(z, P\ %) > g})
. s Wd—1 g
> )\d_l({z € Bs(y): dist(z, P) > 5}) > 2d711 st
So, (4.14) is true for all points (y,0) in bdg_(P) and it is true for all (y, 0)
in bdp(X;) by hypotheses, with possibly different constants ¢y and ¢;. In
order to conclude, it suffices to observe the following: If for a point y and
a number s > 0 the inequality (4.14)) holds, then this remains true if the
constants ¢y, ¢ are replaced by smaller ones. [l

The following lemma is already contained in [10] (see Lemma 5.4 there);
we repeat it, including the proof, for the convenience of the reader.

Lemma 4.18. We have for all (y,0) € ¥; N P and all s € (0,1]
)\d_l({z S Bs(y): diSt(Z,P \ Zj) > 608}) > élsd_l,

1 co
1072

~ . Wd—
} and & = min{ 3=, 5757}, where co and c1 are from

for éy = min{
Lemma[].17

Proof. For all (y,0) € bdp(X;) the assertion is true by Assumption [4.1][(b)]
and, using again the observation made in the end of the proof of Lemmal4.1
it suffices to treat the case where (y,0) is a relatively inner point of 3; in

P. Since P\ ¥; is compact, we then have
e =dist(y, P\ ¥;) = dist(y, P\ ¥;) > 0.

We distinguish three cases:
First case, 0 < s < &/2: In this case one finds

{z € By(y): dist(z, P\ ;) > 8} = B(y),

SO

Ai—1({z € By(y): dist(z, P\ Z;) > s}) = Ag—1(Bs(y)) = wg—15*.

Second case, £/2 < s < 2e: Since s/4 < ¢/2, we infer from the first case

)\d—l({Z € By(y): dist(z, P\ ¥;) > Z)}
Sd*l

/\d_1<{z €B:(y): dist(z, P\ ;) > Z}) > Wi
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Third case, 2¢ < s < 1: From the fact that P\ X; is compact, we not
only get that € > 0, but we also obtain the existence of a point (y*,0) €
bdag_(3;) with ||y — y*||ga-1 = €. Since Bs_.(y*) C By(y), this yields

)\d_l({z € By(y): dist(z, P\ %) > %Os})

> Ad_l({z € B,_.(y"): dist(z, P\ X;) > %Os}).

The condition 2e < s implies §'s < co(s — ¢). Using this and Lemma
we continue to estimate
o> Xim1({z € Boc(y"): dist(z, P\ ;) > co(s —€})

c
> ci(s — E)dil > Qdil g4

Invoking once more the observation from the end of the proof of Lemmal4.1
we deduce the claim. O

Let, in all what follows, ¢y, ¢; be the constants from Lemma [£.18 Also,
we will often use the decomposition R? > x = (%, z4) € R¥™! x R.
For t € R, we define the mapping 1;: R? — R¢ by

Ye(x) = (%, 2a)) = (%, 20 — tdist(x, P\ ). (4.15)

Later on we will transform our problem again under the mapping 1, for a
suitably chosen value of ¢t and afterwards reflect it in correspondence with
Lemma In order to justify this transformation, we first prove a little
lemma.

Lemma 4.19. Consider 1 be as in (4.15). Then the following holds true:

(a) The function R 3 x = (X,z4) +— dist(X,P \ ;) is a Lipschitz
contraction.

(b) For every t € R, the function v, is Lipschitz continuous and bijec-
tive with inverse v_¢. In particular, the inverse is also Lipschitz
continuous.

(c) For every t € R, the function vy is volume preserving.

Proof. The function under consideration in @ is the concatenation of the
projection R? 3 x + (%,0) onto [x4 = 0] and the restriction of the function
R? 5 x - dist(x, P\ %;) to R¥"1 x {0}. Both of these functions are Lipschitz
continuous contractions, thus so is the considered concatenation.

For @ the first assertion follows from @, and the second is easy to
verify.

Finally, it is clear that the determinant of the Jacobian of ; (cf. [13|
Ch. 3.2.2]) is identically 1 a.e., thus the assertion follows from [13,
Ch. 3.3.3 Thm. 3.9]. O
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In the following we choose t = % and abbreviate ¢ = 13,5 We trans-

form (4.13]) under % to a problem
—V - wVw =h € Wy "(Qa), (4.16)

where the resulting domain is Qa = 1(Q-) and the new Dirichlet boundary
part is YA = 9(X;). We suppress the dependence on j here, so w is the
transformation of w; by slight abuse of notation, and h is the transformed
g;. Furthermore, the resulting coefficient function w is again real, elliptic
and bounded thanks to Proposition

The crucial effect of the transformation 1 is that the new Neumann
boundary part Na = 0Qa \ Xa is identical to the old Neumann part P\ X;
and that Na = P\¥; = 0Qa N P. In particular, OQa N P consists of
Neumann boundary only. Thus, the geometry of the problem is now
exactly of the shape needed to reflect the problem across the plane [z4 = 0],
according to Lemma We end up with the domain

A =QaUNpAU {Z = (Z,Zd) S RZ: (i, —Zd) S QA},

while the new coefficient function @ is again real, bounded and elliptic and
the resulting right hand side h belongs to the space W=LP(A) with p >
d. Lemma already tells us that the solution @ of the equation on
A belongs to VVO1 ’2(A). Thus, in order to infer Holder continuity for w by
Proposition[4.4] the only thing that is left to verify is that our final geometry
satisfies Assumption @ This will be the main part of the proof.

Lemma 4.20. The domain A is of class (Ay) for some v € (0,1).

Proof. The boundary of A is the union of the sets 1)(X;NP) and ¥ (0Q—\ P)
and their reflected counterparts. We show the assertion for the points from
(3N P) and from 9 (0Q -\ P), the proof for points from the reflected parts
is then analogous.

Let r € (0,1] and assume y = (¥,yq4) € w(E N P). Then y is necessarily
of the form (y,—3/¢ - dist(y, P \ ¥;)) with (7,0) € P. Now let first r <
3/¢op - dist(y, P \ ¥;). Then the ball B (y) hes completely in the half space
[xq < 0]. This gives

Br(y)\ A = B:(y)\ Qa = B:(y) \ ¥(Q-).

Applying the volume-preserving map !, cf. Lemma and using that
¥~ 1(y) € P, one deduces the inequality

Aa(Br(y) \A) = Xa(v (B (y) \ Q-)
> M6 (Bel) Nl > 0) = a0 (B ().
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Since 1~ ! is Lipschitz continuous by Lemma m the set (B, (y)) con-
tains the ball BT/Z((}‘/, 0)), where ¢ is the Lipschitz constant of ¢»~!. Thus,
we can continue to estimate

Lo a1
> St = SEN(BL()).
Now we consider the second case r > 3/¢ - dist(y, P\ ¥;). Let
B (y) = Bi(y) N {z e RY: 24 < —3/é - dist(§, P\ zj)}.

Since yq = —3/¢o - dist(y, P \ ¥;), this is exactly the "lower’” half of B,(y).
By construction of A, one has

B.(y)\A2 B (y)\A=B,(y)\Qa.

Due to the choice of ¢, we have Qa C {(2, 24) € R?: 24 < —3/¢y - dist(z, P\
¥;)}. Thus, we may continue

Br()\ A2 By (5)\ {(87) € R 24 < — 2 dist(a, P\ )}
= By (y) {2 2a) € B%: 2 dist(z P\ %)) > —za).
Co

We aim to parametrize the last set by layers along the zgz-direction. To
this end, for s € [0, 7] we denote by Hy the hyperplane {(z, zq) € RI: 24 =
—3/¢o - dist(y, P\ 3;) — s}. Then we obtain

By)\A2 By )0 (U H)n{(zz) e R ;dist(z,P \5j) > 2}
s€[0,r]

= U Bryna)n{e=) cr: gdist(z,P\Zj) > 24}
s€[0,r] 0

— UGS

s€[0,r]

with

3
s =1(z R%: zy= ——dist(y,P\Z;) —s, z€ B 7
G {(z,zd) € 24 P ist(y,P\ %) —s, z€ m(y),

3 dist(z, P\ ;) > < dist(y, P\ ;) + s}.
Co €o

We now note the representation G5 = G X {—% dist(y, P\ &;) — s} with

3 . 3 .
G, =Bz (¥ N {z e RI1L. 7, st PASy) > - dist(y, P\ %) + s}.

Thus, applying Cavalieri’s principle,

Aa(Bo(y) \ A) > /0 M1 (Gy) ds = /0 M 1(Gy)ds > /” Ao 1(G) ds.



26 R. HALLER, H. MEINLSCHMIDT, AND J. REHBERG

For s € [0, ﬁ] we have B5(§) C B, ;2—2(7). On the other hand, for s > 7
the supposition r > 3/ég - dist(y, P\ £;) yields 3s > r+s > 3/¢o - dist(y, P\
¥j) +s. So, for § <5< %,
3
G, 2 B,(y) N {z e R 2 dist(z, P\ ;) > 33},
Co

and using Lemma we can continue to estimate:

Ai(Br(y) \ A) > /ﬁ Mi—1({z € B4(y): dist(z, P\ ;) > éos}) ds

. [VE o4
201/ s ds

-3l6) - ()] - )

This was the claim for y € 3; N P.

It remains to discuss the points y € ¢(9Q_ \ P). Clearly, A is contained
in the ’strip’ (—1,1)4"! xR, and ¢ maps the lateral faces M = {—1,1}971 x
[1,0] of Q_ into {—1,1}4"! x (—o00, 0] which are exactly (the ’lower’ half
of) the faces of (—=1,1)%"1 x R. Thus, for y € (M), the set B,(y) \ A
contains at least half of the ball B,(y) and we have

M(Br )\ A) 2 Aa(Br3)\ (1,17 x B) > SA(Bu(y))

The only case left is y € w({—l} x (—1, 1)d_1), i.e., y is in the image of
the 'bottom’ of the half cube. Then the ball B,.(y) lies completely inside
the ’lower’ halfspace [z4 < 0] for all € (0,1]. Thus, since ¢ was volume-
preserving,

By(y) \ A = B,(y) \ ¥(Q-) = Br (v(¢¥™'(v))) \ ¥(Q-).

By Lemma [£.11] we get the desired estimate once we can prove it for the
untransformed geometry B,.(1¥~1(y)) \ Q_ where ¢y~!(y) is in the bottom
face of the unit cube. But this is straightforward since )_ is convex. ([

Let us mention that in [10] there is an even sharper version of the foregoing
result (see Lemma 5.7 there), giving an explicit estimate of 7 in terms of the
input data cg, ¢ in Assumption[d.1] With Lemmal[£.20]at hand, we complete
the proof of Theorem easily with the pendant to Lemma [4.16} its proof
is completely analogous to the one of Lemma [4.16| up to the additional
transformation 1.

Lemma 4.21. Let j € {1,2,...,m} withx; € DN N. Then there is some
a; > 0 independent of f such that njv € C* () and we have

HW”HC”‘J’(Q} < CHfHWE)l’q(Q)'

The constant c is uniform with respect to the L>(Q)-bound and ellipticity
constant key of the given coefficient function p.
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We have shown in Lemmatald.15| .16|and [4.21| that all localized functions
nv; for 7 =0,...,m are Holder continuous of (possibly different) degree «;

with an estimate against f € W, 1’q(Q) which is uniform with respect to the
L*>°(Q)-bound and ellipticity constant ke of the given coefficient function pu.
Thus, if we choose a to be the minimum of the «;, the claim of Theorem
follows and we are done. O
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