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Abstract. We prove existence and uniqueness of global-in-time solutions in

the W−1,p
D -W 1,p

D -setting for abstract quasilinear parabolic PDEs with non-

smooth data and mixed boundary conditions, including a nonlinear source

term with at most linear growth. Subsequently, we use a bootstrapping ar-
gument to achieve improved regularity of these global-in-time solutions within

the functional-analytic setting of the interpolation scale of Bessel-potential dual

spaces Hθ−1,p
D = [W−1,p

D , Lp]θ with θ ∈ [0, 1] for the abstract equation under
suitable additional assumptions. This is done by means of new nonautonomous

maximal parabolic regularity results for nonautonomous differential operators

operators with Hölder-continuous coefficients on Bessel-potential spaces. The
upper limit for θ is derived from the maximum degree of Hölder continuity for

solutions to an elliptic mixed boundary value problem in Lp.
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1. Introduction. This work is concerned with global-in-time existence of solutions1

u : (0, T )× Ω → R to quasilinear parabolic equations of type2

∂tu− div(ξ(u)µ∇u) + u = FΩ(u) on (0, T )× Ω,

ν∂Ω · ξ(u)µ∇u+ αu = FΓ(u) on (0, T )× ΓN ,

u = 0 on (0, T )× ΓD,

u(0) = u0 on Ω,

 (1)

and their regularity. We will interpret (1) as an abstract evolution equation in a scale3

Xθ of function spaces and work within a maximal parabolic regularity framework.4

The scale will be Xθ := [W−1,p
D (Ω), Lp(Ω)]θ with p > d. (All objects and notions5

will be properly introduced below.) The defining feature of (1) is the coefficient6

ξ(u) in the divergence operator. The problem further includes mixed boundary7

conditions on the disjoint boundary parts ΓD and ΓN with ΓD ∪ ΓN = ∂Ω where8

we allow for inhomogeneous Robin/Neumann data. The setting for Ω ⊂ Rd, where9

d ∈ {2, 3}, will be that of a bounded weak Lipschitz domain compatible with the10

mixed boundary conditions (regular in the sense of Gröger). The nonlinear functions11

FΓ and FΩ have to satisfy a “local” Lipschitz condition and we can afford up to12

linear growth; this is a classical assumption when aiming for global-in-time results.13

(We do not assume monotonicity for this work.) Finally, we note that there will14

be no further explicit smoothness assumption on the coefficient matrix µ, we only15

assume it to be bounded. We will however require that the weak divergence operator16

−∇ · µ∇+ 1 admits optimal elliptic regularity in W−1,p
D (Ω).17

Our main result is that if the data in the abstract formulation of (1) yields a18

well-defined problem in Xθ := [W−1,p
D (Ω), Lp(Ω)]θ with p > d, then this problem19

admits a unique global-in-time solution u ∈ W 1,s(0, T ; DomXθ
(−∇ · µ∇ + 1)) ∩20

Ls(0, T ;Xθ) for suitably large s. This is true for all θ ∈ [0, θ̄] for some θ̄ ∈ [1 −21

d/p, 1]; thus, we have global-in-time solutions for a whole scale of function spaces22

at our disposal which allows for a flexible treatment of a wide range of applications.23

The upper bound θ̄ depends on the degree of Hölder regularity admitted by the24

solutions to the elliptic problem with mixed boundary conditions associated to25

−∇·µ∇+1 in Lp(Ω). The reasoning is based on nonautonomous maximal parabolic26

regularity with constant domains for −∇ · ηµ∇ in Xθ when the coefficient η > 0 is27

Hölder continuous in space of order > θ. This is a second main result. The former28

property is used to bootstrap the unique global-in-time solution which exists for29

X0 = W−1,p
D (Ω); this was established in previous work ([43]) and is revisited and30

improved below.31

Context. Quasilinear parabolic PDEs arise in several real-world applications,32

for instance in the immediate example of heat conduction when conductivity is33

temperature-dependent, but also in much more complicated problems such as semi-34

conductor physics [50] or liquid crystal growth [29], see also [3, Introduction] and35

the references there. We also mention the classical monography [35] for early work36

in this context. More recently, several contributions [9, 17, 25, 30, 31, 40, 41, 43]37

have addressed a rather rough geometric setting for such problems with respect38

to the domain, boundary conditions, and coefficient functions, similar to the one39

listed above. Such a nonsmooth geometric setting as described before is often mo-40

tivated by a realistic and appropriate model of industrial applications where one41

has e.g. nonsmooth workpieces made of different materials. The regularity concept42

of Gröger has proven to be a sort of umbrella framework in this regard, see [19,43
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23] and the references therein. The approach for (1) then goes via the concept of1

(nonautonomous) maximal parabolic regularity, which has turned out to be quite2

flexible and useful in this context because it allows to “modularize” the functional-3

analytic treatment of abstract evolution equations into several building blocks. We4

refer to the fundamental recent works of Amann [4] and Prüss and collaborators [34,5

36, 47] in this regard. This is particularly useful in the nonsmooth geometric set-6

ting, because many convenient tools from e.g. elliptic regularity theory or (function7

space) interpolation theory are not available at all or at least require further justifi-8

cation, and a modularized ansatz allows to make use of new developments in every9

component. In fact, these insights have sparked quite some research interest in the10

respective directions and, indeed, there has been tremendous development here in11

the recent years, even for (much) more general geometric settings; we exemplary12

refer to [6, 7, 10, 19, 26, 42].13

However, the question of global-in-time solutions to problems of type (1) remains14

ubiquitous, at least as far as it can be expected from the respective physical model.15

In the nonsmooth geometric setup, existence of global-in-time solutions for a less16

general instance of the abstract version of (1) was established forX0 =W−1,p
D (Ω) for17

p > d in [43]; the solution is then in W 1,s(0, T ;W−1,p
D (Ω))∩Ls(0, T ;W 1,p

D (Ω)) with18

1
s <

1
2−

d
2p . The authors rely on uniform Hölder estimates for nonautonomous linear19

parabolic equations established in the same paper and nonautonomous maximal20

parabolic regularity; we will revisit and improve upon the result in Section 3.1. The21

insight here was that the elliptic differential operator depends on the coefficient22

perturbation ξ(u) in a well suited way in the topology of uniformly continuous23

functions on Q with Q := (0, T ) × Ω, and this combines very well with the result24

on Hölder continuity on Q, which is uniform in the respective coefficient functions,25

within a Schauder fixed point argument. Following and extending this train of26

thought, the authors of [9] were able to show that the equation arising from inserting27

the given global-in-time solution in the nonlinear functions, and re-interpreting as28

a linear nonautonomous evolution equation, is well-posed in the Bessel-potential29

spaces X = H−ζ,p
D (Ω) where ζ < 1, but close to 1. This is based on the observation30

that the Hölder continuity of the given global solution is in fact sufficient to verify31

nonautonomous maximal parabolic regularity for the differential operator in this32

space and allows to bootstrap the regularity for u, if the respective data in the33

problem is suitable. In this work, we take this procedure even further: Since the34

given global solution is now more regular, its degree of Hölder continuity, at least35

in space, has now also increased, and indeed, we are able to show that this leads to36

another bootstrap-improvement of regularity for u. This bootstrapping will work37

as far as the given data admits. We will explain this in a bit more detail below.38

Before, let us mention that there is another recent result on global-in-time existence39

in [12] to a problem similar to (1), but in a more regular setting, that is, for pure40

homogeneous Dirichlet boundary conditions and a C1,1-domain. We comment on41

the relation of our work to [12] e.g. in Remark 5.13 below.42

Motivation. In addition to a contribution to the framework of analysis based on43

maximal regularity techniques for interesting real-world applications as mentioned44

before, the original motivation of the present work comes from optimal control.45

In fact, several of the recent results mentioned before were derived in an optimal46

control context; this is also true for [12]. Indeed, the analysis of a PDE-constrained47

optimization problem is usually based on detailed regularity and stability results for48

the underlying PDE, in particular also on global-in-time existence and uniqueness49
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in the first place. Obtaining the necessary results can be challenging especially in1

case of so-called state constraints, that is, pointwise upper and lower bounds on the2

solution u (the state) in every (t, x) ∈ Q. The difficulty arises here because the3

amount of regularity for the state required to deal with this type of constraint is4

relatively high; for instance, rigorously establishing first-order necessary optimality5

conditions in this context via the standard technique requires continuous solutions6

of the state equation, see e.g. [11]. For quasilinear parabolic problems such as (1)7

this regularity is guaranteed within the setting of [9, 43], and one can proceed with8

the ususal reasoning, see [32, 41]. In fact, in this case, continuity of the solution is9

a crucial aspect of the state equation analysis in the first place as explained above.10

Nevertheless, the derivation of second-order sufficient conditions for the same type11

of problem usually requires more regularity for conceptual reasons, at least for the12

linearized state equation; this is a reason why the authors of [13] consider a more13

regular geometric setting. Moreover, for even more demanding types of constraints,14

such as pointwise bounds on the gradient of the state, one requires even more15

regularity for the solution to (1) such as ∇u ∈ C(Q,Rd) (Such a constraint would16

be used e.g. to force material stresses to lie within certain bounds.) In this paper, we17

thus strive for the optimal regularity obtainable in dependence on the data within18

the scale Xθ of function spaces.19

Outline and organization. As already mentioned above, this work contains several20

new contributions which we collect in the following milestones: First, we revisit and21

reprove the global-in-time existence result for X0 =W−1,p
D (Ω) in [43, Theorem 5.3]22

to also incorporate up to linear growth in the nonlinearity. This is Theorem 3.1.23

Second, we extend the nonautonomous maximal parabolic regularity result for −∇·24

ηµ∇ + 1 obtained in [9] for X = H−ζ,p
D (Ω) to the whole scale Xθ using Hölder-25

continuity of the scalar coefficient perturbation η of degree > θ, see Theorem 4.3.26

Our proof here is also much less involved than the one in [9] since we establish27

an invariance property for the domain of the elliptic operators with respect to η.28

This result then allows to, third, bootstrap the global-in-time solution u from the29

ambient space X0 to Xθ with the associated regularity u ∈W 1,s(0, T ; DomXθ
(−∇ ·30

µ∇+ 1)) ∩ Ls(0, T ;Xθ), up to a certain threshold θ̄. We have split this result into31

two parts, Theorems 5.7 and 5.10. If the solutions to elliptic problem with mixed32

boundary conditions associated to −∇ · µ∇ + 1 in Lp(Ω) are at least Lipschitz-33

continuous, then our procedure works up to X1 = Lp(Ω) indeed. (A particular34

case would be that of optimal Sobolev regularity W 2,p(Ω)∩W 1,p
D (Ω) for the elliptic35

problem in Lp(Ω).) In this sense, our results close the gap between existence and36

uniqueness of global-in-time solutions for the X0 =W−1,p
D (Ω)- and the X1 = Lp(Ω)37

setting as obtained in [43] and [12], respectively.38

To reiterate, our overall strategy to obtain global-in-time solutions to (1) in Xθ39

can be summarized as follows: We obtain a global-in-time solution for θ = 0, so40

in X0 = W−1,p
D (Ω). Re-inserting this solution into the nonlinear functions, we see41

that the solution satisfies a linear nonautonomous problem whose coefficient ξ(u)42

admits a certain degree of Hölder-continuity. This degree of Hölder-continuity ϑ43

allows to invoke nonautonomous maximal parabolic regularity in Xθ for θ < ϑ,44

from which we obtain that the solution u is, in truth, more regular. But, repeating45

the argument, we see that improved regularity of u has also improved the degree of46

Hölder-continuity to ϑ+ > ϑ, and we obtain even better regularity for u than before.47

This procedure works iteratively up to some maximal choice θ̄ of θ that ultimately48

depends on the domain, the boundary conditions and µ, via the maximal degree49
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of Hölder continuity for solutions to the elliptic problem with mixed boundary1

conditions associated to −∇ · µ∇+ 1 in Lp(Ω).2

The paper is organized as follows: In Section 2, we introduce notation and as-3

sumptions and collect several auxiliary concepts and results used throughout the4

paper. We also formulate equation (1) in an appropriate function space setting, see5

Section 2.5. In Section 3.1, we provide the global-in-time existence and uniqueness6

result for X0 = W−1,p
D (Ω) in Theorem 3.1. Moreover, we collect the improved reg-7

ularity results on H−ζ,p
D (Ω) from [9] and use this to give a result for X = Lp/2(Ω),8

too. The main step towards the overall main result is then obtained in Section 4,9

where we establish nonautonomous maximal parabolic regularity for −∇ · ηµ∇+ 110

in Xθ when η is Hölder-continuous in space of degree > θ; this is Theorem 4.3. The11

fundamental achievement here is that the domains of the foregoing operators in Xθ12

coincide with that of −∇ · µ∇ + 1, so, they are invariant under η. This insight is13

based on bilinear interpolation as in Appendix A.1. Finally, in Section 5 we tackle14

global-in-time existence for (1) in Xθ by employing the nonautonomous maximal15

regularity result from Section 4. More precisely, we first collect some results on16

interpolation and domains of fractional powers of −∇ · µ∇+1 in Section 5.1; these17

are required for the internal workings of the bootstrapping machinery. A first ver-18

sion of the main result, Theorem 5.7, is then provided in Section 5.2, to make the19

argument more transparent. The second and more comprehensive version is given20

afterwards in Section 5.3 via Theorem 5.10. A discussion of particular cases where21

we can determine the upper threshold θ̄ for θ more or less explicitly can be found22

in Appendix B.23

2. Preliminaries. In this section we introduce several notions and definitions. We24

further collect several auxiliary results which will be used throughout the paper.25

Finally, once the necessary groundwork has been done, we state the standing as-26

sumptions for this work as well as the abstract quasilinear parabolic PDE problem27

in more detail.28

2.1. Notation and conventions. We fix the given time interval I = (0, T ) with29

T > 0. All vector spaces considered are real ones. The domain of a closed operator30

A : X → Y between Banach spaces X,Y is denoted by DomX(A); in general, we31

equip it with the graph norm. If A is bijective, then x 7→ ∥Ax∥Y is equivalent to32

the graph norm. If A is a closed operator in X and Z ⊆ X, then we denote the33

domain of the corestriction of A to Z by DomZ(A) = {x ∈ X : Ax ∈ Z}. Moreover,34

by L(X,Y ) we refer to the space of bounded linear operators X → Y with the35

operator norm. By ↪→c and ↪→d we denote compact and dense embedding. We36

use standard notation and definitions for classical Lebesgue- and Hölder function37

spaces, also for Bochner-Lebesgue Ls(J,X) and Bochner-SobolevW 1,s(J,X) spaces38

on an interval, and for real-(·, ·)θ,p and complex [ ·, ·]θ interpolation spaces. Usually,39

we will omit the underlying spatial domain Ω in the associated function spaces,40

if no confusion is likely and no particular point is to be made. Finally, given an41

integrability exponent p ∈ [1,∞] we denote by p′ ∈ [1,∞] the conjugate exponent42

defined by 1/p+ 1/p′ = 1.43

2.2. Domain and function spaces. We next introduce the assumptions on the44

geometry of the underlying domain Ω and its boundary parts ΓN and ΓD, followed45

by some more function spaces for which this geometry is (partially) important. Here46

is the standing assumption on the domain:47
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Assumption 2.1 (Geometry). Let Ω ⊂ Rd, where d ∈ {2, 3}, be a bounded do-1

main with boundary ∂Ω; let ΓN ⊆ ∂Ω be relatively open, denoting the designated2

Neumann boundary part, and let ΓD = ∂Ω \ ΓN denote the Dirichlet boundary3

part. We assume that Ω∪ΓN is regular in the sense of Gröger, that is, a weak Lip-4

schitz domain (“Lipschitz manifold”) with a compatibility condition for ΓN ∩ ΓD,5

see [23]. Further, we require the additional property that every Lipschitz chart in the6

definition of regular in the sense of Gröger can be chosen to be volume-preserving.7

We will not need the precise technical formulation for the notions in Assump-8

tion 2.1 which is why we refer to [23]; see also [24] for a 3D characterization. How-9

ever, a few comments are in order:10

(1) Note that we do not assume ∂Ω to (locally) be the graph of a Lipschitz func-11

tion as it is required in the case of a strong Lipschitz domain, cf. [21, Defini-12

tion 1.2.1.1]. Any such strong Lipschitz domain will be a weak Lipschitz domain13

with volume-preserving charts. In particular, it will immediately be regular in14

the sense of Gröger if either ΓN = ∅ or ΓN = ∂Ω, see [25, Remark 3.3]. The15

classical example of a weak Lipschitz domain which is not also a strong Lipschitz16

domain is that of a pair of crossing beams in 3D [25, Section 7.3].17

(2) The assumption that the Lipschitz charts be volume-preserving is posed only18

in order to be able to utilize results from [43] where this property was used in19

order to avoid technical particularities in a localization/transformation proce-20

dure. Thus, one could get rid of this particular assumption by re-visiting and21

improving upon the corresponding results in [43].22

Function spaces. We next turn to some more function spaces which require saying23

a bit more in their definition and for which the geometry of Ω is important. First,24

for s ∈ R and q ∈ (1,∞), let Hs,q(Rd) be the classical Bessel potential spaces.25

In order to incorporate a type of zero trace property into the function spaces, we26

note that for s ∈ (1/q, 1 + 1/q), there exists a continuous linear trace operator27

trD : Hs,q(Rd) → Lq(ΓD), see [33, Theorems VI.1&VII.1]. Here and in all what28

follows, the Lebesgue space on a subset of the boundary ∂Ω is equipped with the29

(d−1)-dimensional Hausdorff measure Hd−1. For such s, define the Bessel potential30

spaces on Rd incorporating a homogeneous Dirichlet condition on ΓD by31

Hs,q
D (Rd) :=

{
f ∈ Hs,q(Rd) : trD f ≡ 0

}
.

Since the trace operator is continuous on Hs,q(Rd), its kernel Hs,q
D (Rd) is a closed32

subspace and thus a Banach space.33

The corresponding function spaces on Ω for s ≥ 0 and s ∈ (1/q, 1+ 1/q), respec-
tively, are now defined by restriction:

Hs,q(Ω) :=
{
f |Ω : f ∈ Hs,q(Rd)

}
and Hs,q

D (Ω) :=
{
f |Ω : f ∈ Hs,q

D (Rd)
}
,

and equipped with the canonical quotient norms. This makes them Banach spaces.34

We moreover set H−s,q(Ω) := (Hs,q′(Ω))∗ and H−s,q
D (Ω) := (Hs,q′

D (Ω))∗. Then all35

the spaces introduced so far are reflexive. Note also that H0,q(Ω) = Lq(Ω). The36

quotient spaces so far are very abstract. It will however turn out that they can be37

related to the usual, intrinsically defined Sobolev spaces due to Assumption 2.1.38

Indeed, for k ∈ N and p ∈ [1,∞], we define the classical Sobolev spaces W k,q(Ω)
in the canonical way, that is, the set of Lq(Ω) functions whose distributional deriva-
tives up to order k are regular and represented by Lq(Ω) functions, with the ℓq-type
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norm. Let further

C∞
D (Rd) :=

{
f ∈ C∞

c (Rd) : dist(supp f,ΓD) > 0
}
, C∞

D (Ω) := C∞
D (Rd)|Ω

and set W 1,q
D (Ω) := C∞

D (Ω)
W 1,q(Ω)

and W−1,q
D (Ω) := (W 1,q′

D (Ω))∗. Then, in our1

geometric setting as in Assumption 2.1—and, in fact, also quite far beyond that—,2

we have W 1,q
D (Ω) = H1,q

D (Ω) for q ∈ (1,∞), up to equivalent norms since there is a3

suitable extension operator for W 1,q
D (Ω) to W 1,q(Rd) ([6, Proposition B.3]).4

By construction, we have the usual Sobolev embeddings within the Hs,q(Ω) fam-5

ily at hand since these transfer immediately from Hs,q(Rd) to the quotient type6

spaces. This includes Rellich-Kondrachov type compactness results. In particular,7

they also hold for W 1,q
D (Ω) by virtue of the last paragraph, and also for embeddings8

into the Hölder spaces which we state for further use.9

Lemma 2.2 (Sobolev). Let q ∈ (1,∞) and s > d
q . Then Hs,q(Ω) ↪→ C0,s− d

q (Ω).10

The following interpolation result based on main results in [6] and the duality11

principle for complex interpolation [8, Corollary 4.5.2] will be very useful. It shows12

that the Bessel scale on Ω is indeed an interpolation scale. We point out that the13

present Assumption 2.1 on the geometry of Ω implies the assumptions in [6], see14

the introduction there, cf. also [9, Appendix A].15

Lemma 2.3 ([6, Theorems 1.1&1.3]). Let q ∈ (1,∞) and θ ∈ (0, 1). Then we have[
Lq(Ω),W±1,q

D (Ω)
]
θ
=

H
±θ,q
D (Ω) if θ > 1

q ,

H±θ,q(Ω) if θ < 1
q

up to equivalent norms. Moreover,[
W−1,q

D (Ω),W 1,q
D (Ω)

]
1
2

= Lq(Ω)

again up to equivalent norms.16

Corollary 2.4. Let q > d and θ ∈ ( 12 + d
2q , 1]. Then[

W−1,q
D (Ω),W 1,q

D (Ω)
]
θ
↪→ C0,2θ−1− d

q (Ω).

Proof. The condition on θ requires exactly that 2θ − 1 > d
q . Thus, with the reiter-

ation theorem for complex interpolation ([54, Remark 1.9.3.1]) and Lemma 2.3:[
W−1,q

D (Ω),W 1,q
D (Ω)

]
θ
=

[[
W−1,q

D (Ω),W 1,q
D (Ω)

]
1
2

,W 1,q
D (Ω)

]
2θ−1

=
[
Lq(Ω),W 1,q

D (Ω)
]
2θ−1

= H2θ−1,q
D (Ω)

and the claim follows by Sobolev embedding (Lemma 2.2).17

Finally, let us note that by Assumption 2.1, Ω is a (weak) Lipschitz domain.18

Thus, there exists a well defined trace operator tr which is continuous19

tr : Hθ,q
D (Ω) → Lq(∂Ω) for θ ∈ ( 1q , 1] (2)

and for which tru = u|∂Ω whenever u ∈ C(Ω) ∩Hθ,q
D (Ω). This follows for example20

using a multiplicative trace inequality as in [39, Corollary 1.4.7.1] and Lemma 2.3,21

see [25, Lemma 3.6]. The condition θ > 1
q is sharp to have a trace operator. Further,22

we denote by trN the natural restriction to ΓN , that is, trN u := (tru)|ΓN
. Then,23

by duality, we immediately have:24
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Lemma 2.5. Let q ∈ (1,∞) and let θ ∈ [0, 1q ). Then1

tr∗N : Lq(ΓN ) →
[
W−1,q

D (Ω), Lq(Ω)
]
θ
= Hθ−1,q

D (Ω)

is continuous.2

2.3. Maximal parabolic regularity. We next turn to the notion of maximal3

parabolic regularity. The case considered here will be that of constant domains.4

Given two Banach spaces E1 ↪→d E0, we will use the following abbreviation for the5

maximal regularity type spaces:6

W1,r
(
I, (E0, E1)

)
:=W 1,r(I, E0) ∩ Lr(I, E1), r ∈ (1,∞).

Suppose that there exists an operator on E0 with domain E1 which is the generator7

of an analytic semigroup on E0. (This will always be satisfied in the following.)8

Let A : I → L(E1, E0) be a bounded and measurable operator family such that9

A(t) is a closed operator in E0 with domain E1 for each t ∈ I. Then A is said10

to satisfy (nonautonomous) maximal parabolic regularity on Lr(I, E0), if for every11

f ∈ Lr(I, E0) and every w0 ∈ (E0, E1)1/r′,r there exists a unique solution w ∈12

W1,r(I, (E0, E1)) to the equation13

∂w +Aw = f in Lr(I, E0), w(0) = w0 in (E0, E1)1/r′,r

where ∂ : W 1,r(I, E0) → Lr(I, E0) denotes the distributional derivative. (We tac-14

itly identifty (Aw)(t) = A(t)w(t) here.) Equivalently, A satisfies (nonautonomous)15

maximal parabolic regularity on Lr(I, E0) if and only if the total differential oper-16

ator17 (
∂ +A, γ0

)
: W1,r

(
I, (E0, E1)

)
→ Lr(I, E0)× (E0, E1)1/r′,r (3)

is continuously invertible. Due to the assumption on E0 and E1, it is also equivalent18

to consider only the case of initial value 0. We refer to e.g. [1, Proposition 3.1].19

If A is in fact autonomous, that is, A(t) ≡ A for every t ∈ I, then maximal20

parabolic regularity of A on Lρ(I, E0) for some ρ ∈ (1,∞) is equivalent to maximal21

parabolic regularity of A on Lr(I, E0) for any r ∈ (1,∞) ([1, Remark 6.1d]). In22

this case we just say that A satisfies maximal parabolic regularity on E0.23

We will freely use that if A satisfies maximal parabolic regularity on E0, then so24

does A+ λ for any scalar λ.25

The following proposition with a sufficient condition for nonautonomous maximal26

parabolic regularity going back to [1, 48] will be the driving force for our later27

considerations:28

Proposition 2.6 ([1, 48]). In the above setting, suppose that A : I → L(E1, E0) is29

continuous and that for every τ ∈ I, the operator A(τ) satisfies maximal parabolic30

regularity on E0. Then A satisfies nonautonomous maximal parabolic regularity on31

Lr(I, E0) for every r ∈ (1,∞).32

Since an operator satisfying maximal parabolic regularity on E0 is also the (neg-33

ative) generator of an analytic semigroup on E0 with domain E1, the above as-34

sumption in this regard is always satisfied in the context of Proposition 2.6.35

We close this section with embeddings for the maximal regularity spaces.36

Lemma 2.7 ([2, Theorem 3]). Let E1 ↪→d E0 be as above and let r ∈ (1,∞). Then

W1,r
(
I, (E0, E1)

)
↪→ C

(
I, (E0, E1)1/r′,r

)
.

Further, if θ ∈ [0, 1− 1
r ) and τ ∈ ( 1r , 1− θ), then

W1,r
(
I, (E0, E1)

)
↪→ C0,τ−1/r

(
I, [E0, E1]θ

)
,
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and the latter embedding is in fact compact when E1 ↪→c E0.1

2.4. The differential operator. We say that ρ : Ω → Rd×d is a coefficient func-
tion if it is measurable, bounded, and coercive in the sense that

z · ρ(x)z
|z|2

≥ ρ• > 0 for almost all x ∈ Ω for all z ∈ Rd.

If ρ is a coefficient function, then we define the second-order divergence form
operator

−∇ · ρ∇ : W 1,2
D (Ω) →W−1,2

D (Ω),
〈
−∇ · ρ∇u, v

〉
:=

∫
Ω

ρ∇u · ∇v (v ∈W 1,2
D (Ω)).

By the assumptions on the coefficient function ρ, the operator −∇·ρ∇ is continuous.2

Further, due to the Lax-Milgram Lemma, −∇·ρ∇+1 is a (topological) isomorphism3

and we can omit the “+1” if ΓD ̸= ∅. In the present geometric framework of4

Assumption 2.1, we then automatically have Hd−1(ΓD) > 0. Consider the part of5

the operator in W−1,q
D (Ω) for q > 2. We do not relabel this operator by slight abuse6

of notation; it will always be clear from the context which q is meant. This operator7

is clearly still bijective, but in general we will not have DomW−1,q
D (Ω)(−∇·ρ∇+1) =8

W 1,q
D (Ω); at least not for q which are not very close to 2 ([26, Theorem 5.6]).9

If DomW−1,q
D (Ω)(−∇ · ρ∇+1) =W 1,q

D (Ω), a situation which we will enforce for a

q > d as one of our main assumptions below, then there are some good consequences.
To set the stage, we first introduce, for any q ≥ 2, the part A of −∇ · ρ∇ in Lq(Ω)
by

Dom(A) =
{
u ∈W 1,2

D (Ω) ∩ Lq(Ω): −∇ · ρ∇u ∈ Lq(Ω)
}
,

Au = −∇ · ρ∇u (u ∈ Dom(A)).

Again, it will always be clear from context to which q the current incarnation of10

A refers. In the general context of mixed boundary conditions and an irregular11

domain, the domain of A will be very difficult to determine.12

We next collect a few important properties of the operators A and −∇ · ρ∇. In13

the next result, the notion of positive operator is meant as in [54, Definition 1.14.1],14

but it is not fundamental for the rest of this paper.15

Proposition 2.8 ([5, Proposition 4.6/Theorem 11.5]). Let ρ be a coefficient func-16

tion and let q ≥ 2. Then we have the following:17

(1) The operators A and −∇ · ρ∇ are positive operators on Lq(Ω) and W−1,q
D (Ω).18

In particular, their fractional powers are well-defined.19

(2) Even more, the operators admit a bounded H∞ calculus. This implies that they20

exhibit bounded imaginary powers and maximal parabolic regularity.21

The assertions for A also hold true for q ∈ (1, 2).22

We can transfer the maximal parabolic regularity property also to the interpola-23

tion spaces betweenW−1,q
D (Ω) and Lq(Ω). (In fact, the same is true for the bounded24

imaginary powers; we use this in Appendix A.)25

Corollary 2.9 ([25, Theorem 5.16iv]). Let ρ be a coefficient function and let q ≥ 2.26

Then the part of −∇·ρ∇ in [W−1,q
D (Ω), Lq(Ω)]θ satisfies maximal parabolic regularity27

for every θ ∈ [0, 1].28
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Proposition 2.8 enables us in particular to talk about the square root of the1

associated operators. For q > 2, if in fact2

DomW−1,q
D (Ω)(−∇ · ρ∇+ 1) =W 1,q

D (Ω), (4)

or, equivalently, −∇ · ρ∇ + 1 is a topological isomorphism W 1,q
D (Ω) → W−1,q

D (Ω),3

then for the square roots we have the following fundamental property at hand, the4

Kato square root property :5

Proposition 2.10 ([18, Theorem 6.5]). Let ρ be a coefficient function and let q ≥ 2.

Suppose that (4) holds true. Then Dom(A+ 1)1/2 =W 1,q
D (Ω), that is,

(A+ 1)1/2 : W 1,q
D (Ω) → Lq(Ω) is a topological isomorphism.

The Kato square root property classically refers to the case q = 2 which is the6

fundamental basis for the remaining ones; we refer to the seminal work [7], see7

also [5]. It is always satisfied if µ is symmetric. Note that from Proposition 2.10 it8

also follows that (−∇·ρ∇+1)1/2 is a topological isomorphism Lq(Ω) →W−1,q
D (Ω),9

cf. [5, Theorem 11.5].10

From the following sketch argument we infer that we can equivalently regard
(A + 1)1/2 either as the square root of A + 1 or as the part of the square root
(−∇ · ρ∇+ 1)1/2 in Lq(Ω):

(−∇ · ρ∇+ 1)−1/2Lq(Ω) = (−∇ · ρ∇+ 1)−1(−∇ · ρ∇+ 1)1/2Lq(Ω)

= (−∇ · ρ∇+ 1)−1W−1,q
D (Ω)

=W 1,q
D (Ω) = (A+ 1)−1/2Lq(Ω).

With similar reasoning based on the foregoing, we in fact obtain the same property
for all fractional powers:

DomLq(Ω)(−∇ · ρ∇+ 1)γ = Dom(A+ 1)γ (γ ∈ [0, 1]).

This will essentially allow us to get rid of the operator A in the following consid-11

erations, which eases notation significantly. Finally, we will make free use of the12

reiteration theorem for fractional powers ([54, Theorem 1.15.3]), owing to A being13

positive and admitting bounded imaginary powers as established in Proposition 2.8:14

Lemma 2.11. Let ρ be a coefficient function and let q ≥ 2. Suppose that (4) holds
true. If γ = (1− θ)α+ θβ for α, β ∈ [0, 1] and θ ∈ (0, 1), then

DomLq (−∇ · ρ∇+ 1)γ =
[
DomLq (−∇ · ρ∇+ 1)α,DomLq (−∇ · ρ∇+ 1)β

]
θ
.

We gather a permanence principle for the optimal elliptic regularity property (4).15

The upper bound q ≤ 6 in the statement is a technical limitation related to the16

Sobolev exponent 2∗ = 6 in d = 3.17

Lemma 2.12 ([19, Lemma 6.2]). Let ρ be a coefficient function and let q ∈ [2, 6].
Suppose that (4) holds true. Then

DomW−1,q
D (Ω)(−∇ · ηρ∇+ 1) =W 1,q

D (Ω)

for every uniformly continuous positive function η ∈ C(Ω).18
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Finally, for ϱ ∈ L∞(ΓN ), we will use Bϱ := tr∗N ◦[ϱ trN ] to signify the mapping
associated to a Robin boundary condition. Indeed, for θ ∈ (1− 1

q , 1], the following

operator is well-defined and continuous due to (2) and Lemma 2.5:〈
Bϱu, v

〉
:=

∫
ΓN

ϱ (trN u) (trN v), Bϱ : W
1,q
D (Ω) + C(Ω) → H−θ,q

D (Ω).

2.5. Problem statement and assumptions. Next, we state the minimal as-1

sumptions on the data of (1) that will allow us to obtain global-in-time solutions2

of (1) in the X0 =W−1,p
D -setting. These global-in-time solutions will be the starting3

point for the bootstrap procedure through the scale Xθ = [Lq(Ω),W−1,q
D (Ω)]θ in4

Section 4. Of course, it will be necessary to assume more for some objects—more5

precisely, for s,F and u0—to improve regularity later on.6

Assumption 2.13. Suppose that the following properties hold true:7

(Co) The function ξ : R → R is locally Lipschitz continuous and satisfies 0 < ξ• ≤8

ξ(z) ≤ ξ• for all z ∈ R. Further, µ is a coefficient function. For the coefficient9

in the Robin boundary condition we suppose α ∈ L∞(I, L∞(ΓN )).10

(Iso) We assume that there is p ∈ (d, d+ 1] such that

−∇ · µ∇+ 1: W 1,p
D (Ω) →W−1,p

D (Ω)

is a topological isomorphism and fix this choice of p. Let further 1
s <

1
2 −

d
2p .11

(F) F := FΩ + tr∗N FΓ : I × (W−1,p
D ,W 1,p

D )1/s′,s → W−1,p
D is a locally Lipschitz12

Caratheodory map, that is, it is measurable with respect to the first variable,13

continuous with respect to the second, and for every R > 0 there is LR ∈ Ls(I)14

such that for almost all t ∈ I:15 ∥∥F(t, w1)−F(t, w2)
∥∥
W−1,p

D

≤ LR(t)∥w1 − w2∥(W−1,p
D ,W 1,p

D )1/s′,s
,

whenever w1, w2 ∈ (W−1,p
D ,W 1,p

D )1/s′,s and ∥wi∥(W−1,p
D ,W 1,p

D )1/s′,s
≤ R, i =16

1, 2.17

Moreover, F obeys an up-to-linear growth condition in the second variable:18

There is ψ ∈ Ls(I) such that for all w ∈ (W−1,p
D ,W 1,p

D )1/s′,s and almost all19

t ∈ I,20 ∥∥F(t, w)
∥∥
W−1,p

D

≤ ψ(t)
(
1 + ∥w∥C(Ω)

)
.

(IV) The initial condition satisfies u0 ∈ (W−1,p
D ,W 1,p

D )1/s′,s.21

The setting described in Assumptions 2.1 and 2.13 is similar to the one considered22

in [43, Section 5]. The major difference is that we now allow the function F to grow23

up to linearly with respect to the function variable instead of imposing a quite harsh24

global boundedness assumption as done in [43].25

Still, Assumptions 2.1 and 2.13, in particular (Iso), impose non-trivial conditions26

on the considered setting. A few comments are thus in order.27

Remark 2.14. (1) If Ω is a bounded domain with Lipschitz boundary (strong28

Lipschitz domain) and ΓN = ∅ or ΓN = ∂Ω and µ is a symmetric and uni-29

formly continuous coefficient function, then there will be p > 3 such that (Iso)30

in Assumption 2.13 is satisfied, see [20, Theorem 3.12, Remark 3.17]. In this31

sense, Assumptions 2.1 and 2.13 cover the classical “regular” setting of strong32

Lipschitz domains in spatial dimensions d = 2, 3 with pure Dirichlet or Neu-33

mann boundary conditions and a symmetric, uniformly continuous coefficient34
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function. Further, from the pioneering work of Gröger [23] we find that As-1

sumption 2.13 (Iso) is always satisfied for some p > 2 within our setting. In2

fact, this is also true under much more general assumptions on the geometry of3

the domain, see [26].4

(2) It is well known that in the presence of mixed boundary conditions, the iso-5

morphism property in Assumption 2.13 (Iso) can only be expected to hold for6

some p < 4 in general due to the Shamir counterexample [51, Introduction].7

Moreover, if Assumption 2.13 (Iso) is valid, then it is also valid for all q ∈ [2, p]8

due to interpolation and the Lax-Milgram Lemma. In this sense, the upper9

bound of d+1 in (Iso) should not be considered as critical. We pose it for tech-10

nical reasons to avoid some case distinctions. Nevertheless, the authors of [19]11

establish a rich zoo of real-world constellations such that Assumption 2.13 (Iso)12

is satisfied in dimension d = 3 within the constraints of the other assumptions.13

Remark 2.15. We point out that the growth condition in Assumption 2.13 (F) is
indeed well-defined since (

W−1,p
D ,W 1,p

D

)
1/s′,s

↪→ C(Ω).

In fact, choose 1
2 + d

2p < θ < 1 − 1
s . Then (W−1,p

D ,W 1,p
D )1/s′,s ↪→ [W−1,p

D ,W 1,p
D ]θ14

and Corollary 2.4 strikes. Such a growth condition is the standard requirement in15

the analysis of abstract semilinear equations, see for example [28, Corollary 3.3.5].16

Besides rather obvious choices for u 7→ F(u) such as a “constant” function f ∈17

Ls(I,W−1,p
D ) and nonlinear Nemytskii operators induced by suitable real functions,18

we point to two particular possible incarnations of F :19

• Fix g ∈ Ls(I,W 1,p
D )—possibly coming from some other differential equation—20

and set F(t, w) := ∇·wµ∇g(t). Such a drift-type term arises e.g. in the mod-21

elling of semiconductors and has been considered within a semilinear parabolic22

PDE in [42].23

• We can also consider nonlocal-in-space interactions in F such as for example24

F(t, w) := σ
(∫

Ω
k(t)w dx

)
, where σ : R → R is bounded and Lipschitz and k25

is a suitable kernel with k(t) ∈ L1(Ω).26

Remark 2.16. The assumption that ξ is uniformly bounded from below is neces-27

sary to ensure uniform ellipticity of the quasilinear differential operator and cannot28

be avoided easily. The upper bound on ξ, however, is not strictly necessary and29

can be removed utilizing a classical Stampacchia argument, cf. [12, Theorem 2.1].30

Such an argument does not rely on the stronger regularity assumptions posed in the31

cited work. Similarly, it is also possible to discuss nonlinear functions F that are32

monotone with respect to the second variable but not necessarily of linear growth33

such as the classical F(t, w) = w3. However, in order to keep the discussion more34

transparent we decided not to include these technical modifications.35

Abstract problem formulation. We next give an abstract but precise formulation
of (1). The goal is to find a global-in-time solution u ∈ W1,s(I, (W−1,p

D ,W 1,p
D )) to

∂u−∇ · ξ(u)µ∇u+ u+ Bαu = F(u) in Ls(I,W−1,p
D ),

u(0) = u0 in (W−1,p
D ,W 1,p

D )1/s′,s

}
(5)

and to give sharp sufficient conditions along the scale [W−1,p
D , Lp]θ for when the36

solution is in fact more regular. We start in the W−1,p
D -setting (θ = 0) because we37
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can in fact prove existence and uniqueness of a global-in-time solution there, bas-1

ing on uniform Hölder estimates for nonautonomous parabolic evolution equations2

established in [43].3

Herein, the Neumann/Robin boundary conditions of (1) have been absorbed into4

the distributional right hand side of (5) and Bαu, respectively, cf. also Assump-5

tion 2.13 (F). The Dirichlet boundary conditions are prescribed by the underlying6

function space W 1,p
D . The above formulation is self-consistent in Ls(I,W−1,p

D ) for7

u ∈ W1,s(I, (W−1,p
D ,W 1,p

D )) due to the assumptions on the data in Assumption 2.13,8

cf. also Lemma 2.7 and Corollary 2.4.9

As we ultimately plan to establish better regularity for u than claimed above,10

we introduce the following convention: Let subspaces X ↪→ W−1,p
D and Y ↪→ W 1,p

D11

with Y ↪→d X and some r ∈ (1,∞) be given. Suppose that the solution u to (5) in12

fact satisfies u ∈ W1,r(I, (X,Y )), and that (5) holds true in Lr(I,X)× (X,Y )1/r′,r.13

Then we say that u solves (5) (also) on X. Note that this solution will then14

necessarily unique, since the one for X =W−1,p
D will be.15

Remark 2.17. (1) In view of Lemma 2.5 on the adjoint trace operator and the16

scale Xθ = [W−1,p
D , Lp]θ, there is a natural threshold at θ = 1/p above which17

Xθ cannot accommodate any more distributional objects such as tr∗N g arising18

from inhomogeneous Neumann/Robin boundary data g. This also applies to19

FΓ.20

(2) In fact, we will also allow for a Robin boundary condition in the abstract equa-21

tion (5) in [W−1,p
D , Lp]θ only for θ < 1/p. There, the boundary condition is22

enforced by adding the appropriate term Bα and we can view Bα as a perturba-23

tion of the main part of the differential operator −∇·µ∇+1. This clearly does24

not work any more for θ > 1/p since in this (stronger) setting, the boundary25

condition is built into the differential operator in a strong sense. (This is a26

feature, not a bug.) However, it would be most desirable to also be able to in-27

corporate a—then: homogeneous—Robin condition there. The problem is that28

we do lack an analogous result regarding the Kato square root property as in29

Proposition 2.10 for this case with −∇ · µ∇ + 1 + Bα. Since our later consid-30

erations, in particular in Section 5.1, are strongly based on Proposition 2.10,31

we are unable to accommodate α ̸= 0 at the moment. Any improvement in32

the square root property for the operator including Bα would transfer to the33

present setting immediately.34

3. Global-in-time solutions and regularity. In this section we provide exis-35

tence and uniqueness of global-in-time solutions in the W−1,p
D -W 1,p-setting for (5).36

This is the fundamental result on which our further considerations are based on since37

it delivers the global solution whose regularity we then can bootstrap. We further38

augment this result by briefly reviewing existing results on improved regularity in39

X = H−ζ,p
D (Ω) for ζ close to 1 and in X = Lp/2(Ω),40

3.1. Existence of solutions. It follows our first main result that extends [43,41

Theorem 5.3]. The latter was proven using a “global” Schauder fixed-point argu-42

ment based on the other main result in the paper, uniform Hölder estimates [43,43

Theorem 2.13], thereby requiring a rather strong global boundedness property for44

F . Here, we rely on the same uniform Hölder estimates, but rather use them to45

disprove finite-time blowup of a local-in-time solution for which we can tolerate up46

to linear growth in F .47
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In all what follows, we take Assumptions 2.1 and 2.13 for granted.1

Theorem 3.1. There is a unique global-in-time solution u ∈ W1,s(I, (W−1,p
D ,W 1,p

D ))2

to (5).3

Before we start with the proof, let us note that there is β > 0 such that4

W1,s(I, (W−1,p
D ,W 1,p

D )) ↪→c C
0,β(I, C0,β(Ω)), (6)

see Lemma 2.7 and Corollary 2.4.5

Proof. We argue in a quite concise way how to obtain a local-in-time solution. Sim-6

ilar reasoning and associated arguments can be found in [43, Section 5] or [25, 40].7

From Corollary 2.4, we have (W−1,p
D ,W 1,p

D )1/s′,s ↪→ C(Ω). This has several con-8

sequences: For every w in the interpolation space, the operator −∇ · ξ(w)µ∇ + 19

satisfies maximal parabolic regularity in W−1,p
D with domain W 1,p

D due to Proposi-10

tion 2.8 and Lemma 2.12. Further, w 7→ −∇·ξ(w)µ∇+1 is Lipschitz continuous on11

bounded sets in (W−1,p
D ,W 1,p

D )1/s′,s with values in L(W 1,p
D ,W−1,p

D ), and Bα(t) gives12

rise to a continuous linear operator (W−1,p
D ,W 1,p

D )1/s′,s → W−1,p
D for almost every13

t ∈ I, recall Lemma 2.5.14

In (5), we transfer the Robin operator Bα to the right-hand side F(u) := F(u)−15

Bαu. From the foregoing considerations we infer that the assumptions of the16

seminal theorem of Prüss [47, Theorem 3.1] are satisfied for the resulting equa-17

tion, such that (5) admits a unique maximal local-in-time solution u in the max-18

imal regularity class. More precisely, there exists T • ∈ (0, T ) such that equa-19

tion (5) admits a unique solution u on (0, T •) and for every T• ∈ (0, T •) we have20

u ∈ W1,s(0, T•, (W
−1,p
D ,W 1,p

D )). Thereby, T • is characterized by the property that21

lim
t↗T•

u(t) does not exist in (W−1,p
D ,W 1,p

D )1/s′,s. (7)

We show that in fact T • = T with u ∈ W1,s(0, T, (W−1,p
D ,W 1,p

D )), using the linear22

growth assumption on F posed in Assumption 2.13 (F) to disprove (7)23

To this end, let 0 ≤ τ < T • be arbitrary for now—to be fixed later—and let
T• ∈ (τ, T •). Let further C(ρ•, ρ•) be the set of all measurable nonautonomous
coefficient functions ρ : I × Ω → Rd×d which are bounded in L∞(I × Ω;Rd×d) by
ρ• and which are uniformly coercive almost everywhere on I × Ω with coercivity
constant ρ•. Then, by the main result in [43, Theorem 2.13], for some γ > 0, w.l.o.g.
γ < β with β as in (6), the number

C∂+A(τ, T•) := sup
ρ∈C(ξ•µ•,ξ•µ•)

∥∥(∂ −∇ · ρ∇+ 1)−1
∥∥
L(Ls(τ,T•;W

−1,p
D );C0,γ

0 ([τ,T•]×Ω))
,

is well-defined and finite. Hereby, we denote by (∂ − ∇ · ρ∇ + 1)−1 the solution
operator f 7→ y of the nonautonomous problem

∂y −∇ · ρ∇y + y = f in Ls(I,W−1,p
D ),

y(τ) = 0 in (W−1,p
D ,W 1,p

D )1/s′,s,

}
(8)

and the index 0 refers to zero initial condition at time τ for functions in C0,γ
0 ([τ, T•]×

Ω). It is easy to see that we must have

C∂+A(τ, T•) ≤ C∂+A(0, T ) =: C∂+A.

Indeed, every problem instance of (8) on (τ, T•) can be embedded into a problem24

instance of (8) on (0, T ) with the same input data size by extending and shifting25

the objects on (τ, T•) by zero. Then the definition of the operator norm gives the26
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estimate. This equicontinuity of the parabolic solution operator in the coercivity-1

and boundedness constants of the coefficient function will be the crucial element of2

the proof. Essentially, it will allow us to reason as in the semilinear case.3

We need another global estimate, this time for the Robin operator whose mapping
properties for almost every t ∈ I were already mentioned above. Since α is assumed
to be essentially bounded in time, we find (recall Lemma 2.5)∥∥Bα

∥∥
L(C0,γ([τ,T•]×Ω),Ls(τ,T•;W

−1,p
D ))

≤ |T• − τ | 1s ∥tr∥L(W 1,p′
D ,Lp′ (ΓN ))

∥α∥L∞(I,L∞(ΓN )) =: Cα(τ, T•).

Now, in order to use the foregoing estimate with C∂+A, we split off the “initial
value” u(τ) of the maximal solution u starting from τ via w(t) := e−(t−τ)∆u(τ). We

have w ∈ W1,s(τ, T, (W−1,p
D ,W 1,p

D )) by [3, Proposition III.4.10.2]. Set v := u−w to

obtain v(τ) = 0. Then v ∈ W1,s(τ, T•, (W
−1,p
D ,W 1,p

D )) satisfies

∂v −∇ · ξ(u)µ∇v + v = F(u)− Bαu− ∂w +∇ · ξ(u)µ∇w − w, v(τ) = 0

in Ls(τ, T•;W
−1,p
D ). So, using the definition of C∂+A, the foregoing estimates, the

embedding (6), and the linear growth assumption for F as in Assumption 2.13 (F),
we obtain:

∥v∥C0,γ
0 ([τ,T•]×Ω)

≤ C∂+A

[(
∥ψ∥Ls(τ,T•) + Cα(τ, T•)

)(
∥v∥C0,γ([τ,T•]×Ω) + ∥w∥C0,γ([τ,T•]×Ω)

)
+

(
1 + ξ•µ•)∥w∥W1,s(τ,T•,(W

−1,p
D ,W 1,p

D ))

]
.

We now choose τ to be

τ := inf
{
s ∈ (0, T •) : C∂+A

(
∥ψ∥Ls(s,T•) + Cα(s, T

•)
)
≤ 1

2

}
.

Note that τ < T •. In particular, with the chosen τ , we have

C∂+A

(
∥ψ∥Ls(τ,T•) + Cα(τ, T•)

)
≤ 1

2

for all T• ∈ (τ, T •]. Thus we are able to absorb ∥v∥C0,γ
0 ([τ,T•]×Ω) on the left in the

last estimate. Hence, for any T• ∈ (τ, T •)

∥v∥Cγ
0 ([τ,T•]×Ω) ≤ 2C∂+A

[(
∥ψ∥Ls(0,T ) + Cα(0, T )

)
∥w∥C0,γ([τ,T ]×Ω)

+
(
1 + ξ•µ•)∥w∥W1,s(0,T,(W−1,p

D ,W 1,p
D ))

]
.

The right-hand side is independent of T•. Thus, denoting the bound by D,4

lim sup
T•↗T•

∥v∥C0,γ([τ,T•]×Ω) ≤ D <∞. (9)

This implies that v ∈ C([τ, T •] × Ω): Let tk ↗ T •. Then (v(tk)) is bounded in
C0,γ(Ω) by (9) and due to Arzelà-Ascoli, there exists a subsequence (with the same
name) such that v(tk) → V in C(Ω). Set v(T •) := V . Let sk ↗ T • be arbitrary.
By (9), we find

∥v(T •)− v(sk)∥C(Ω) ≤ ∥v(T •)− v(tk)∥C(Ω) + ∥v(tk)− v(sk)∥C(Ω)

≤ ∥v(T •)− v(tk)∥C(Ω) +D|tk − sk|γ −→ 0,

so v is continuous at T • and v ∈ C([τ, T •]× Ω).5
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Now finally consider the equation1

∂z −∇ · ξ(v + w)µ∇z + z + Bαz = F(v + w), z(τ) = u(τ). (10)

Note that t 7→ ∂ − ∇ · ξ(v(t) + w(t))µ∇ + 1 is continuous on [τ, T •] as an oper-2

ator from the maximal regularity space into Ls(τ, T •,W−1,p
D ). Thus, −∇ · ξ(v +3

w)µ∇+1 satisfies nonautonomous maximal parabolic regularity on Ls(τ, T •,W−1,p
D )4

with the domain W 1,p
D via Propositions 2.6 and 2.8 due to (6) and the perma-5

nence principle in Lemma 2.12. It follows that (10) admits a unique solution6

z ∈ W1,s(τ, T •, (W−1,p
D ,W 1,p

D )). In particular, the limit limt↗T• z(t) = z(T •) exists7

in (W−1,p
D ,W 1,p

D )1/s′,s by Lemma 2.7. But by construction v + w = u and thus8

z = u on [τ, T •), so the blowup criterion (7) must have been false. Thus u is a9

global solution.10

Note that in the foregoing proof (10) is well defined, although F is defined only11

on (W−1,p
D ,W 1,p

D )1/s′,s, instead of C(Ω) as in [43]. This is because the right hand12

side of (10) is still well-defined in Ls(τ, T •;W−1,p
D ) by the growth condition in13

Assumption 2.13 (F) and (9).14

3.2. First results on improved regularity. From the previous existence result,15

one can hope to bootstrap the regularity of u provided that the data in the problem16

is compatible. We show how such an argument could be made. To this end, let us17

first cite the following result, adapted to our setting:18

Theorem 3.2 ([9], Theorem 3.20). Let u be the unique solution to (5) from The-
orem 3.1. Let ζ ∈ (dp , 1) and suppose that 2

s < (ζ − d
p ) ∧ (1 − ζ). Assume further

that

u0 ∈ (H−ζ,p
D ,DomH−ζ,p

D
(−∇ · µ∇+ 1))1/s′,s and that F(u) ∈ Ls(I,H−ζ,p

D ).

Then in fact u ∈ W1,s(I, (H−ζ,p
D ,DomH−ζ,p

D
(−∇ · µ∇ + 1))) and u is the unique19

solution to (5) on H−ζ,p
D .20

Let us briefly recall the main idea of the proof in [9], starting from Theorem 3.1.
The core of the reasoning is that the degree of Hölder continuity of the given solu-
tion u suffices to show that the operator −∇ · ξ(u)µ∇+ 1 satisfies nonautonomous

maximal parabolic regularity in H−ζ,p
D when s is large enough, depending on ζ.

This is established in a quite involved and technical chain of arguments basing on
the Acquistapace-Terreni condition. From there, one argues quite easily that the
problem

∂w −∇ · ξ(u)µ∇w + w = F(u)− Bαu in Ls(I,H−ζ,p
D ), w(0) = u0

admits a unique solution w ∈ W1,s(I, (H−ζ,p
D ,DomH−ζ,p

D
(−∇·µ∇+1))), which, due21

to uniqueness of u in the W−1,p
D setting, must coincide with u.22

We have already seen in Lemma 2.3 that in fact H−ζ,p
D = [W−1,p

D , Lp]1−ζ . In the23

present paper we systematically follow the above bootstrapping ansatz to discuss24

solutions to (5) in [Lp,W−1,p
D ]θ with general θ ∈ [0, 1]. It is a welcome byproduct25

that our reasoning will be less involved than the one in [9] and that we can dispose26

of the requirement 2
s < 1− θ.27

Let us conclude this section by sketching an associated result on the interpolation28

scale [Lp/2,W−1,p]θ. Some might see this as the more natural scale as it is well29

known that thresholds such as p > d to obtain spatially continuous solutions apply30
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exactly to the two spaces there. Indeed, in this case, an involved bootstrapping1

argument is not necessary at all, since improved regularity related to X = Lp/2 is2

an immediate consequence of Theorem 3.2 and u ∈ C(I,W 1,p
D ):3

Theorem 3.3. Consider the setting of Theorem 3.2. Suppose that α = 0. Assume
additionally that

u0 ∈ (Lp/2,DomLp/2(−∇ · µ∇+ 1))1/s′,s and that F(u) ∈ Ls(I, Lp/2).

Then u ∈ W1,s(I, (Lp/2,DomLp/2(−∇·µ∇+1))) and u is the unique solution to (5)4

on Lp/2.5

Proof. We bootstrap the solution from Theorem 3.2 once more. (Note that Lp/2 ↪→
H−ζ,p

D due to the assumptions on ζ and p and (adjoint) Sobolev embedding.)
From Theorem 3.2 and maximal regularity space embeddings, we in fact have
u ∈ C(I,W 1,p

D ), see [9, Corollary 3.7] or [25, Lemma 6.16]. But DomLp/2(−∇ ·
µ∇ + 1) is invariant under a coefficient perturbation by a W 1,p

D -function, see [25,
Lemma 6.7/Corollary 6.8]. Thus

DomLp/2(−∇ · ξ(u(t))µ∇+ 1) = DomLp/2(−∇ · µ∇+ 1) for every t ∈ I,

in particular6

t 7→ −∇ · ξ(u(t))µ∇+ 1 ∈ C(I,L
(
DomLp/2(−∇ · µ∇+ 1), Lp/2)

)
.

Since for each fixed τ ∈ I the autonomous operator −∇ · ξ(u(τ))µ∇ + 1 admits7

maximal parabolic regularity on Lp/2 (Proposition 2.8) with the common domain8

DomLp/2(−∇ · µ∇+ 1), we conclude by Proposition 2.6 that also −∇ · ξ(u)µ∇+ 19

admits nonautonomous maximal parabolic regularity on Lp/2. The claim follows.10

11

Let us briefly come back to the motivation outlined in the Introduction, regard-12

ing optimality conditions for an optimal control problem associated with (5) with13

pointwise constraints on the gradient of the state. For these, we want to guarantee14

that ∇u ∈ C(Q,Rd) for a solution u to (5). But, in general, we will have p
2 < d—see15

Remark 2.14—, so this regularity cannot be obtained even in the optimal case for16

Theorem 3.3, which is u ∈ W 1,s(I, Lp/2) ∩ Ls(I,W 2,p/2 ∩W 1,p/2
D ). In this sense,17

even Theorem 3.3 is insufficient for this endeavor. On the scale Xθ = [W−1,p, Lp]θ,18

however, it is possible to obtain the necessary regularity under quite optimal con-19

ditions. This is the main reason not to be content with Theorem 3.3 but to work20

on the scale Xθ.21

4. Nonautonomous maximal parabolic regularity on the scale. As outlined22

before, the main driving force behind the regularity bootstrapping procedure will be23

nonautonomous maximal parabolic regularity for −∇ · ξ(u)µ∇+ 1 in better spaces24

than W−1,p
D . This is the topic of the present section. We formally introduce the25

following spaces that will also be used throughout the rest of the paper:26

Xθ := [W−1,p
D , Lp]θ, Yθ := DomXθ

(−∇ · µ∇+ 1), θ ∈ (0, 1).

To simplify notation, we set X0 = W−1,p
D and X1 = Lp as well as Y0 = W 1,p

D and27

Y1 = DomLp(−∇ · µ∇ + 1). Recall from Lemma 2.3 that for θ ̸= 1/p, the space28

Xθ in fact coincides with a (dual) Bessel space which either reflects the Dirichlet29

boundary condition (θ < 1/p) or not (θ > 1/p). In particular, we have Yθ ↪→ Xθ30

with dense embedding.31



18 FABIAN HOPPE, HANNES MEINLSCHMIDT, AND IRA NEITZEL

We will be concerned with deriving sharp conditions on the scalar coefficient
perturbation η to have maximal parabolic regularity for −∇·ηµ∇+1 in the following
problem:

∂tw −∇ · ηµ∇w + w = f in Lr(I,Xθ),

w(0) = w0 in (Xθ, Yθ)1/r′,r

}
(11)

Hereby, we expect the coefficient function η : Q → R to require a certain Hölder-1

regularity that will be made precise subsequently. This is an educated guess based2

on the fact that for θ = 0, so Xθ = W−1,p
D , we have seen in Lemma 2.12 and3

Propositions 2.6 and 2.8 that η ∈ C(Q) uniformly continuous is an appropriate4

choice.5

Accordingly, the first and main step is to show an analogue to Lemma 2.12,6

that is, that the domain of the elliptic operator −∇ · ηµ∇ + 1 in Xθ is again7

Yθ = DomXθ
(−∇ · µ∇+ 1) for a positive function η ∈ C0,ϑ(Ω) with ϑ ∈ (θ, 1].8

To do so we consider the linear map9

η 7→ (−∇ · ηµ∇)(−∇ · µ∇+ 1)−1 (12)

in the following limiting settings:

C(Ω) → L(W−1,p
D ) and C0,1(Ω) → L(Lp).

These maps are well-defined and continuous; for the first one we refer to Assump-10

tion 2.13 (Iso) and Hölder’s inequality. The second is taken care of by the following11

lemma and C0,1(Ω) ↪→W 1,∞(Ω) ([27, Remark 4.2]):12

Lemma 4.1. Let η ∈W 1,∞(Ω). Then DomLp(−∇ ·µ∇+1) ↪→ DomLp(−∇ · ηµ∇)
and ∥∥(−∇ · ηµ∇)(−∇ · µ∇+ 1)−1

∥∥
L(Lp)

≲ ∥η∥W 1,∞ .

Proof. Let u ∈ DomLp(−∇ · µ∇ + 1) ↪→ W 1,p
D (cf. Proposition 2.10), and let v ∈

C∞
D (Ω). Then〈

−∇ · ηµ∇u, v
〉
:=

∫
Ω

ηµ∇u · ∇v =

∫
Ω

µ∇u ·
[
∇(ηv)− v∇η

]
.

Hence, with η ∈W 1,∞,∣∣〈−∇ · ηµ∇u, v
〉∣∣ ≤ ∥u∥DomLp(−∇·µ∇+1)

∥ηv∥Lp′ + ∥µ∥L∞∥∇u∥Lp∥v∥Lp′∥∇η∥L∞

≲ ∥η∥W 1,∞∥u∥DomLp(−∇·µ∇+1)
∥v∥Lp′ .

Since C∞
D (Ω) is dense in Lp′

(Ω), it follows that −∇·ηµ∇u defines a continuous linear13

functional on Lp′
(Ω). So u ∈ DomLp(−∇ · ηµ∇), and the last estimate shows that14

DomLp(−∇ · µ∇+ 1) ↪→ DomLp(−∇ · ηµ∇). Hence (12) gives rise to a continuous15

linear operator on Lp(Ω). The stated norm estimate also follows immediately.16

With bilinear interpolation as in Theorem A.1, we then find that the linear17

operator in (12) is also well-defined and continuous as an operator18 [
C(Ω), C0,1(Ω)

]
θ
→ L

(
[W−1,p

D , Lp]θ
)
= L(Xθ) (13)

for each θ ∈ [0, 1]. The following invariance principle, which is similar to [25,19

Lemmas 6.6, 6.7], relies on this observation; in fact it will serve as cornerstone of20

our further analysis.21

Lemma 4.2. Let θ ∈ [0, 1] be given.22
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(1) Let η ∈ [C(Ω), C0,1(Ω)]θ. Then Yθ ↪→ DomXθ
(−∇ · ηµ∇+ 1) and the map1

[C(Ω), C0,1(Ω)]θ → L(Yθ, Xθ), η 7→ −∇ · ηµ∇

is bounded and linear.2

(2) Suppose that 0 < η, η−1 ∈ [C(Ω), C0,1(Ω)]θ. Then3

Yθ = DomXθ
(−∇ · ηµ∇+ 1),

with equivalent norms.4

In particular, the assertions hold true for a positive function η ∈ C0,ϑ(Ω) with5

ϑ ∈ (θ, 1] if θ < 1 and ϑ = 1 if θ = 1.6

Proof. (1) For the first assertion, it will be enough to show that Yθ ↪→ DomXθ
(−∇·

ηµ∇). For φ ∈ Yθ we have

−∇ · ηµ∇φ =
[
(−∇ · ηµ∇)(−∇ · µ∇+ 1)−1

]︸ ︷︷ ︸
∈L(Xθ) due to (13)

(−∇ · µ∇φ+ φ)︸ ︷︷ ︸
∈Xθ

∈ Xθ,

so indeed φ ∈ DomXθ
(−∇ · ηµ∇). We further use that the operator in (12) is7

continuous as in (13) with its norm bounded by8 ∥∥(−∇ · ηµ∇)(−∇ · µ∇+ 1)−1
∥∥
L(Xθ)

≲ ∥η∥[C(Ω),C0,1(Ω)]θ
.

to estimate

∥−∇ · ηµ∇φ∥Xθ
≤

∥∥(−∇ · ηµ∇)(−∇ · µ∇+ 1)−1
∥∥
L(Xθ)

∥−∇ · µ∇φ+ φ∥Xθ

≲ ∥η∥[C(Ω),C0,1(Ω)]θ
∥φ∥Yθ

.

The assertions follow.9

(2) Let η, η−1 ∈ [C(Ω), C0,1(Ω)]θ. Then both η and η−1 are uniformly continuous,
bounded and positive. With Lemma 2.12 it follows that −∇ · ηµ∇ + 1 is also
a topological isomorphism between W 1,p

D and W−1,p
D , i.e., µ̂ := ηµ satisfies the

isomorphism assumption in Assumption 2.13 (Iso). Consequently, we can apply the
arguments of the first part to η̂ := η−1 and µ̂ instead of η and µ, respectively, to
obtain that

DomXθ
(−∇ · ηµ∇+ 1) = DomXθ

(−∇ · µ̂∇+ 1)

↪→ DomXθ
(−∇ · η̂µ̂∇+ 1) = DomXθ

(−∇ · µ∇+ 1),

and this implies the claim.10

Finally, by Proposition A.2 we have C0,ϑ(Ω) ↪→ [C(Ω), C0,1(Ω)]θ when ϑ ∈ (θ, 1].11

Moroever, if η ∈ C0,ϑ(Ω) is positive, then also η−1 ∈ C0,ϑ(Ω). Hence, for such η all12

the previous assertions are valid. The case θ = 1 follows analogously.13

Next, we establish nonautonomous maximal parabolic regularity of the operator14

−∇·ηµ∇+1 on Xθ for positive coefficient functions η ∈ C(I, C0,ϑ(Ω)) for ϑ ∈ (0, 1].15

This will give existence, uniqueness and regularity of solutions to (11). Since for16

η ∈ C(I, C0,ϑ(Ω)) for ϑ ∈ (0, 1] we already have constant domains for −∇· ηµ∇+117

in Xθ at hand by virtue of Lemma 4.2, the following theorem follows quite easily18

with Proposition 2.6:19

Theorem 4.3. Given ϑ ∈ (0, 1] and θ ∈ [0, ϑ) if ϑ < 1 and θ ∈ [0, 1] if ϑ = 1, let η ∈
C(I, C0,ϑ(Ω)) be positive. Then the operator −∇· ηµ∇+1 exhibits nonautonomous
maximal parabolic regularity on Xθ with domain Yθ, that is, for any r ∈ (1,∞), if
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f ∈ Lr(I,Xθ) and w0 ∈ (Xθ, Yθ)1/r′,r, then there is a unique solution w to (11)
and the corresponding solution map

Lr(I,Xθ)× (Xθ, Yθ)1/r′,r → W1,r(I, (Xθ, Yθ)), (f, w0) 7→ w, (14)

is a topological isomorphism. If E ⊂ C(I, C0,ϑ(Ω)) is a compact set such that1

η(x) > 0 for all x ∈ Q for all η ∈ E, then the isomorphism (14) is equicontinuous2

with respect to η ∈ E.3

Proof. Due to Lemma 4.2 the map4

I → L(Yθ, Xθ), t 7→ −∇ · η(t)µ∇+ 1,

is well-defined and continuous, and for every t, the resulting operator is even contin-5

uously invertible. This together with Corollary 2.9 allows to invoke Proposition 2.66

which yields the claim on nonautonomous maximal parabolic regularity on Xθ with7

the domain Yθ.8

It remains to argue on equicontinuity of the solution maps for η ∈ E : Note that
for each r ∈ (1,∞) the map

C(I, C0,ϑ(Ω)) ⊃ E → L
(
W1,r(I, (Xθ, Yθ)), L

r(I,Xθ)× (Xθ, Yθ)1/r′,r
)
,

η 7→ (∂ −∇ · ηµ∇+ 1, γ0)
−1,

is well-defined due to nonautonomous parabolic regularity of −∇ · ηµ∇ + 1 in Xθ9

with domain Yθ for each η ∈ E . Moreover, the map is continuous by Lemma 4.2 and10

continuity of operator inversion A 7→ A−1. Hence, its operator norm is bounded on11

the compact set E .12

Remark 4.4. The significant difference between the proof of Theorem 4.3 and13

the one of [9, Theorem 3.20] is that here, by virtue of Lemma 4.2, the domains14

of −∇ · η(t)µ∇ + 1 in Xθ are a priori independent of t. (It follows a posteriori15

in the proof of [9, Theorem 3.20], though.) This allows to apply Proposition 2.616

basing on constant domains which is much less involved than the treatment for17

a priori nonconstant domains based on uniform R-boundedness as in [46]. The18

present insight that the domains are constant a priori is in turn based on the19

bilinear interpolation technique as established in Appendix A.1 and invariance of20

Hölder-continuous functions under taking the reciprocal.21

5. Abstract quasilinear parabolic equations in the scale. Building upon on22

nonautonomous maximal parabolic regularity for (11) on Xθ as in Theorem 4.3, we23

now treat the quasilinear abstract problem (5) on Xθ utilizing a bootstrapping ar-24

gument. This is the main achievement of the paper. The bootstrapping procedure25

starts from Theorem 3.1 for X0 = W−1,p
D and works its way up through Xθ until26

some maximal θ̄ ∈ (0, 1] is reached. The fundamental idea is that given the solution27

u in Xθ, one finds—via Theorem 4.3—that the associated degree of Hölder continu-28

ity of u is in fact sufficient to obtain nonautonomous maximal parabolic regularity29

for −∇ · ξ(u)µ∇+ 1 in Xθ+ for θ+ > θ.30

The value of this maximal θ̄ will be related to the degree of Hölder-regularity κ31

of the elliptic boundary value problem in Lp associated to −∇ · µ∇+ 1. In view of32

Theorem 4.3, this should not come as a surprise, since the highest degree of Hölder-33

regularity obtainable within the Xθ scale will be limited exactly by the associated34

value for X1 = Lp.35
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Thus, we start with a short discussion regarding κ. The main argument is then1

given for the case where F in the abstract quasilinear equation (5) is constant in2

order to make the idea more transparent. This is Section 5.2. We then include F3

in Section 5.3.4

Definition 5.1. Let κ ∈ [1− d
p , 2−

d
p ] be as large as possible such that

DomLp(−∇ · µ∇+ 1) ↪→

{
C⌊κ⌋,κ(Ω) if κ ̸= 1,

C0,1(Ω) if κ = 1.

Let us point out that such a κ ≥ 1− d
p always exists under Assumption 2.13 (Iso),

since

DomLp(−∇ · µ∇+ 1) ↪→W 1,p
D ↪→ C0,1− d

p (Ω).

Remark 5.2. We comment on particular cases for κ in Definition 5.1.5

(1) The optimal case κ = 2− d
p is obtained for example when Ω is a C1,1-domain, µ6

is Lipschitz-continuous, and pure homogeneous Dirichlet or Neumann boundary7

conditions are imposed, so either ΓD = ∂Ω or ΓD = ∅. In this case we have8

optimal W 2,p-regularity for the boundary problem associated to −∇ · µ∇ + 1,9

so DomLp(−∇ · µ∇+1) =W 2,p ∩W 1,p
D , see [21, Theorems 2.4.2.5 and 2.4.2.7].10

(2) Suppose that the domain geometry remains rather irregular, but µ gives rise to a11

multiplier onHη,p for some η < 1/p, possibly small. Then it can be shown that a12

fractional power of the Lp-realization of −∇·µ∇+1 will have the domainH1+ε,p
D13

for some ε < η by extrapolation techniques, see [42, Section 3]. For example, µ14

could be the characteristic function of a convex subset of Ω, or a subset of locally15

bounded perimeter, or a linear combination of such functions. We do not go16

into details here. In any case, it follows that we can have κ = 1+ ε− d
p > 1− d

p17

in this quite general situation.18

The maximal possible value of κ is nontrivial to determine; it is related to the19

regularity of the boundary of Ω, the boundary conditions imposed, the coefficient20

function µ, and p, and may not be known explicitely in general. We thus formulate21

our further results in dependence of κ. See also Appendix B for a further discussion22

for various practical situations.23

5.1. The interpolation spaces and fractional powers. In this section we col-
lect some results on the interpolation spaces[

Xϑ, Yϑ
]
τ
:=

[[
W−1,p

D , Lp
]
ϑ
,DomXϑ

(−∇ · µ∇+ 1)
]
τ
.

These occur naturally in the consideration of quasilinear problems from trace em-24

beddings, see Lemma 2.7; usually, they are considered in order to establish regu-25

larity properties for the nonlinear functions in fixed point arguments. In view of26

the results of Section 4 on nonautonomous maximal parabolic regularity for Hölder-27

continuous coefficients, it is thus not surprising that we aim for an embedding into28

a suitable Hölder space for [Xϑ, Yϑ]τ .29

The first auxiliary result is that the spaces in question can be identified with the30

domain of a fractional power of −∇ · µ∇+ 1, co-restricted to Lp.31

Lemma 5.3. Let ϑ ∈ [0, 1] and τ ∈ ( 12 − ϑ
2 , 1]. Then[

Xϑ, Yϑ
]
τ
= DomLp(−∇ · µ∇+ 1)τ−

1
2+

ϑ
2 .
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Proof. Recall that the fractional powers of −∇ · µ∇+ 1 were well-defined and that
we even have bounded imaginary powers at our disposal (Proposition 2.8). We thus

apply Lemma A.4 and DomW−1,p
D

(−∇ · µ∇+ 1) =W 1,p
D by Assumption 2.13 (Iso):[

Xϑ, Yϑ
]
τ
=

[[
W−1,p

D ,W 1,p
D

]
τ
,
[
Lp,DomLp(−∇ · µ∇+ 1)

]
τ

]
ϑ
. (15)

Next, we branch along τ = 1
2 . If 1

2 − ϑ
2 < τ < 1

2 , then necessarily ϑ > 0 and we
argue as follows:[[

W−1,p
D ,W 1,p

D

]
τ
,
[
Lp,DomLp(−∇ · µ∇+ 1)

]
τ

]
ϑ

=
[[
W−1,p

D ,W 1,p
D

]
τ
,
[
Lp,W 1,p

D

]
2τ

]
ϑ
=

[[
W−1,p

D , Lp
]
ξ
,W 1,p

D

]
(1+ϑ)τ

where we have used the Kato square root property DomLp(−∇ · µ∇+ 1)
1
2 = W 1,p

D

(Proposition 2.10) and the reiteration theorem for complex interpolation with (1−
(1 + ϑ)τ)ξ = (1 − 2τ)ϑ. Now, (1 + ϑ)τ − (1 − (1 − ϑ)τ)(1 − ξ) = 2τ − 1 + ϑ > 0.
Hence, using Lemma 2.3 and the reiteration theorem twice,[[

W−1,p
D , Lp

]
ξ
,W 1,p

D

]
(1+ϑ)τ

=

[[
W−1,p

D ,
[
W−1,p

D ,W 1,p
D

]
1
2

]
ξ
,W 1,p

D

]
(1+ϑ)τ

=
[
W−1,p

D ,W 1,p
D

]
τ+ϑ

2

=
[
Lp,W 1,p

D

]
2τ−1+ϑ

= DomLp(−∇ · µ∇+ 1)τ−
1
2+

ϑ
2 .

Next, let τ ≥ 1
2 and τ > 1

2 if ϑ = 0. Then, again by reiteration and Lemma 2.3 we
have [

W−1,p
D ,W 1,p

D

]
τ
=

[[
W−1,p

D ,W 1,p
D

]
1
2

,W 1,p
D

]
2τ−1

=
[
Lp,W 1,p

D

]
2τ−1

.

Again, the Kato square root property implies that DomLp(−∇ · µ∇+ 1)
1
2 =W 1,p

D .
Hence, by reiteration for fractional power domains (Lemma 2.11) in (15),[

Xϑ, Yϑ
]
τ
=
[[
Lp,W 1,p

D

]
2τ−1

,
[
Lp,DomLp(−∇ · µ∇+ 1)

]
τ

]
ϑ

=
[
DomLp(−∇ · µ∇+ 1)τ−

1
2 ,DomLp(−∇ · µ∇+ 1)τ

]
ϑ

= DomLp(−∇ · µ∇+ 1)τ−
1
2+

ϑ
2 .

This was the claim.1

Lemma 5.4. Let ϑ ∈ [0, 1] and τ ∈ ( 12 + d
2p − ϑ

2 , 1]. Assume that κ ≤ 1 in

Definition 5.1. Set

σ := 2τ − 1 + ϑ− d

p
if τ < 1− ϑ

2

and

σ := 1− d

p
+
(
2τ − 2 + ϑ

)(
κ− 1 +

d

p

)
if τ ≥ 1− ϑ

2
.

Then [
Xϑ, Yϑ

]
τ
↪→ C0,σ(Ω).
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Proof. We argue via Lemma 5.3. Let first τ < 1− ϑ
2 . Then τ −

1
2 + ϑ

2 <
1
2 and we

find with Sobolev embedding (Lemma 2.2)

DomLp(−∇ · µ∇+ 1)τ−
1
2+

ϑ
2 = H2τ−1+ϑ,p

D ↪→ C0,2τ−1+ϑ− d
p = C0,σ(Ω).

Now turn to τ ≥ 1− ϑ
2 . Then τ −

1
2 + ϑ

2 ≥ 1
2 , hence,

DomLp(−∇·µ∇+1)τ−
1
2+

ϑ
2 =

[
DomLp(−∇ · µ∇+ 1)

1
2 ,DomLp(−∇ · µ∇+ 1)

]
2τ−2+ϑ

and so, via Definition 5.1 for κ, the assumption κ ≤ 1 and Proposition A.2,

DomLp(−∇ · µ∇+ 1)τ−
1
2+

ϑ
2 =

[
W 1,p

D ,DomLp(−∇ · µ∇+ 1)
]
2τ−2+ϑ

(16)

↪→
[
C0,1− d

p (Ω), C0,κ(Ω)
]
2τ−2+ϑ

↪→
(
C0,1− d

p (Ω), C0,κ(Ω)
)
2τ−2+ϑ,∞ = C0,σ(Ω).

Unfortunately we did not succeed in proving an analogue to Lemma 5.4 for the
case κ > 1 under our general assumptions. As one sees from (16), with our technique
the question boils down to an interpolation result of the form(

C0,1− d
p (Ω), C1,κ−1(Ω)

)
ξ,∞ ↪→ C0,1(Ω) when (1− ξ)(1− d

p ) + ξκ > 1.

We conjecture that such a result will be true for our case of a weak Lipschitz domain.1

We can indeed prove it for example when Ω admits a C1-boundary by extension2

techniques, see [38, Example 1.1.9]. This is also in line with the rule of thumb3

that κ > 1 in Definition 5.1 will require a more smooth situation than we generally4

suppose within this work. For now we content ourselves with making the following5

Assumption 5.5. If κ > 1 in Definition 5.1, we assume that we have for ϑ ∈ [0, 1]
and τ ∈ [1− ϑ

2 , 1],

DomLp(−∇ · µ∇+ 1)τ−
1
2+

ϑ
2 ↪→ C0,σ(Ω)

with

σ := 1 ∧
(
1− d

p + (2τ − 2 + ϑ)(κ− 1 + d
p )
)
.

Remark 5.6. If in fact the optimal regularity

DomLp(−∇ · µ∇+ 1) =W 2,p ∩W 1,p
D

is valid, then we can circumvent the Hölder interpolation problem and Assump-
tion 5.5 is indeed true. In this case, κ = 2− d

p by Sobolev embedding, so in (16) we

obtain

DomLp(−∇ · µ∇+ 1)τ−
1
2+

ϑ
2 =

[
W 1,p

D ,DomLp(−∇ · µ∇+ 1)
]
2τ−2+ϑ

= H2τ+ϑ−1,p ∩W 1,p
D ↪→ C0,σ(Ω).

(See the extension arguments in Remark B.1 together with [6, Lemma 3.1 and Corol-6

lary 3.7] to justify interpolation and Sobolev embeddings here.) Thus, Assump-7

tion 5.5 in fact only covers the quite particular case where we do not have optimal8

Sobolev regularity for −∇ · µ∇+ 1 in Lp, but still κ > 1 in Definition 5.1.9
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5.2. Regularity bootstrapping: simple case. We now present the bootstrap-
ping procedure to obtain global solutions of (5) on the Xθ-scale. To make the ideas
more transparent, we first assume that α ≡ 0 and that F ≡ f is constant, resulting
in the following problem:{

∂tu−∇ · ξ(u)µ∇u+ u = f in Ls(I,Xθ),

u(0) = u0 on (Xθ, Yθ)1/s′,s.
(17)

Note that this problem is still quasilinear and therefore shares major characteristic
difficulties with (5). We will come back to the full equation (5) in the subsequent
section. The deciding factor on the size of θ that we can afford is the number

θ̄ :=
1− d

p

2− d
p − κ

.

Note that θ̄ ≥ 1− d
p ; moreover, θ̄ ≥ 1, that is, we can reach X1 = Lp, if and only if1

κ ≥ 1. With this, the main regularity result for (17), and thereby the first version2

of the main theorem, reads as follows:3

Theorem 5.7. Adopt Assumption 5.5 if κ > 1 and fix θ ∈ [0, θ̄) ∩ [0, 1]. Suppose
that

1

s
<

1

2
− d

2p
if θ < 1− d

p
and

1

s
<

1− d
p − θ

2(κ− 1 + d
p )

+
θ

2
otherwise.

If f ∈ Ls(I,Xθ) and u0 ∈ (Xθ, Yθ)1/s′,s, then the unique solution u ∈ W1,s(I, (X0, Y0))4

of (17) on X0 in fact satisfies u ∈ W1,s(I, (Xθ, Yθ)), in particular, u ∈ Cβ(I, C0,θ(Ω)),5

and it is the unique solution to (17) on Xθ. Moreover, the solution map (u0, f) 7→ u6

associated with (17) maps bounded sets in (Xθ, Yθ)1/s′,s × Ls(I,Xθ) into bounded7

sets in W1,s(I, (Xθ, Yθ)).8

To make the structure of the proof of Theorem 5.7 more transparent, we first9

state the required Hölder embedding as an auxiliary result. Of course we use κ10

from Definition 5.1. Note that the second case in the following lemma is void if11

κ = 1− d
p .12

Lemma 5.8. Suppose that Assumption 5.5 is valid if κ > 1. For ϑ ∈ [0, 1], let
either

0 ≤ σ < 1− d

p
and

1

s
<

1− d
p − σ

2
+
ϑ

2
.

or

σ ∈
[
1− d

p , 1−
d
p + ϑ

(
κ− 1 + d

p

))
∩ [0, 1] and

1

s
<

1− d
p − σ

2(κ− 1 + d
p )

+
ϑ

2
.

Then W1,s(I, (Xϑ, Yϑ)) ↪→c C(I, C
0,σ(Ω)).13

Proof. By Bochner-Sobolev embeddings, see Lemma 2.7, we get

W1,s
(
I, (Xϑ, Yϑ)

)
↪→c C

(
I, [Xϑ, Yϑ]τ

)
, (18)

as long as 0 ≤ τ < 1 − 1
s . (Note that Yθ ↪→ W 1,p

D ↪→c L
p ↪→ Xθ.) Thus, the claim

follows via Lemma 5.4 in the following cases:

σ < 1− d

p
and τ :=

1

2
+

d

2p
− ϑ

2
+
σ

2
,
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or (here we use Assumption 5.5 when κ > 1)

σ ∈
[
1− d

p , 1−
d
p + ϑ

(
κ− 1 + d

p

))
∩ [0, 1] and τ := 1− ϑ

2
+

σ − 1 + d
p

2(κ− 1 + d
p )
.

The conditions on s in the statement correspond exactly to 1
s < 1 − τ , so τ <1

1− 1
s , for each case, hence the choices of τ and s are compatible and we obtain the2

assertion.3

We now come back to proving Theorem 5.7.4

Proof of Theorem 5.7. We start with ϑ = 0. With Theorem 3.1 there exists a5

unique solution u ∈ W1,s(I, (X0, Y0)) to (17) on X0. Now fix ϵ > 0 such that6

1

s
+
ε

2
<

1

2
− d

2p
if θ < 1− d

p
(19)

and7

1

s
+

ε

2(κ− 1 + d
p )

<
1− d

p − θ

2(κ− 1 + d
p )

+
θ

2
if θ ≥ 1− d

p
. (20)

We proceed iteratively as follows:8

(1) Suppose that u ∈ W1,s(I, (Xϑ, Yϑ)) for some ϑ ∈ [0, θ). By Lemma 5.8, we have
u ∈ C(I, C0,σ(Ω))) for σ := ϑ+ ϵ by the choices of ε in (19)/(20) and of s. Note
here that for θ ≥ 1− d

p , with the choice of ε as in (20), we have

1

s
+
ε

2
≤ 1

s
+

ε

2(κ− 1 + d
p )

<
1− d

p − θ

2(κ− 1 + d
p )

+
θ

2
≤ 1

2
− d

2p
,

so ε is also valid for (19).9

(2) Set ϑ+ := min(ϑ + ϵ
2 , θ). Then Theorem 4.3 with η = ξ(u) yields nonau-10

tonomous maximal parabolic regularity of −∇ · ξ(u)µ∇ + 1 on Xϑ+ . Since11

u0 ∈ (Xθ, Yθ)1/s′,s ↪→ (Xϑ+ , Yϑ+)1/s′,s and f ∈ Ls(I,Xθ) ↪→ Ls(I,Xϑ+) by12

assumption, we conclude that indeed u ∈ W1,s(I, (Xϑ+ , Yϑ+)) is the unique13

solution to (17) in Xϑ+ .14

(3) Note that ε is independent of the current ϑ, so we can repeat the foregoing15

procedure a finite number of times until ϑ+ = θ is reached.16

The Hölder regularity stated for u follows immediately from the construction, see17

also Lemma 5.8 and the choices of s and θ.18

Finally, we argue on the statement on mapping bounded sets into bounded sets.19

Such a result is already shown in [43, Corollary 5.8] for ϑ = 0. Furthermore, the20

embeddings of W1,s(I, (Xϑ, Yϑ)) into C(I, C0,σ(Ω)) which were utilized along the21

way are all compact, cf. Lemma 5.8. Thus, the uniformity statement in Theorem 4.322

is carried through every step of the bootstrapping argument.23

The above theorem may be regarded as an extension of [9, Theorem 3.20]:24

Remark 5.9. Let κ = 1 − d
p . Then we have θ < θ̄ = 1 − d

p . Theorem 5.7 yields25

optimal regularity solutions of (5) on26

Xθ =
[
W−1,p

D , Lp
]
θ
= H−ζ,p

D

with −ζ = θ−1, i.e., ζ = 1−θ > 1−(1− d
p ) =

d
p . This yields the same assumption on27

ζ as in [9]. (Due to p ≤ d+1, we also have θ = 1−ζ < 1/p in this case.) For the same28

value of ζ, we do however require less integrability for s since with our technique29
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we do not have to pass through u(t) ∈ W 1,p
D as in [9, Proof of Thm. 3.20, Step 3].1

Therefore, without imposing any new assumption on κ, Theorem 5.7 reproduces2

and improves the result from [9, Theorem 3.20] which was obtained there by much3

more involved reasoning.4

5.3. Regularity bootstrapping: general case. Essentially the same bootstrap-5

ping technique as the one used in the proof of Theorem 5.7 also yields unique6

solutions of the full problem (5) in the Xθ-scale. This is the second version of our7

main result.8

Theorem 5.10. Let θ and s be as in Theorem 5.7 and let u0 ∈ (Xθ, Yθ)1/s′,s. If

θ ≥ 1
p , suppose that α ≡ 0. Assume that there is ϵ0 > 0 such that for all 0 < ϵ < ϵ0

and all ϑ ∈ [0, θ] the implication[
w ∈ W1,s

(
I, (Xϑ, Yϑ)

)
=⇒ F(w) ∈ Ls

(
I,Xmin(θ,ϑ+ ϵ

2 )

)]
(21)

holds true. Then, the unique solution u ∈ W1,s(I, (X0, Y0)) of (5) on X0 in fact9

satisfies u ∈ W1,s(I, (Xθ, Yθ)), in particular, u ∈ Cβ(I, C0,θ(Ω)), and it is the10

unique solution to (5) on Xθ.11

Proof. Since the main line of the proof is the same as for Theorem 5.7, we only
comment on the changes: The fixed right hand side f in (17) is replaced by

g := F(u)− Bαu.

Consequently, we have to make sure that if u ∈ W1,s(I, (Xϑ, Yϑ)), then g ∈ Ls(I,Xϑ+)12

in order to go through step (ii) of the bootstrapping argument as before. For F(u),13

this is ensured exactly by the assumed property (21), while we refer to Lemma 2.514

for Bαu; recall (6). The latter term Bαu is void if θ ≥ 1
p .15

Corollary 5.11. Adopt the assumptions of Theorem 5.10, but let α ≡ 0 also when16

θ < 1
p . Denote by G the family of nonlinear functions F satisfying the standing17

Assumption 2.13 and assumption (21), and for which in addition there is a constant18

CG > 0 for which19

sup
w∈W1,s(I,(Xθ,Yθ))

∥∥F(w)
∥∥
Ls(I,Xθ)

≤ CG .

Denote by uF the unique solution u ∈ W1,s(I, (Xθ, Yθ)) to (5) supplied by Theo-20

rem 5.10. Then, the set {uF : F ∈ G} is bounded in W1,s(I, (Xθ, Yθ)).21

Proof. This follows directly from the statement about the solution operator map-22

ping bounded sets into bounded sets in Theorem 5.7, with f = F(u).23

Remark 5.12. We mention a few examples for nonlinearities fulfilling the assump-24

tion in Theorem 5.10:25

(1) Any nonlinear function given by a Nemytskii operator induced by a sufficiently26

regular real function with suitable growth bounds—or a bounded one— and27

also suitably monotone ones will do the trick. Analogous boundary terms can28

be treated only for θ < 1
p .29

(2) Similarly, the nonlocal term from Remark 2.15 obviously fulfills (21).30

(3) A drift-type term as in Remark 2.15 is also covered by the assumptions, if the
following additional (sufficient) conditions are fulfilled:

g ∈ Ls(I,H1+θ,p), and µ ∈ C0,min(1,τ)(Ω)d×d for some τ > θ.
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Let us verify (21). We are quite concise and borrow several arguments from [42,
Section 3]. Suppose first that ϑ + ε

2 ≤ θ. For almost every t ∈ I, we have

∇g(t) ∈ Hθ,p ↪→ Hϑ+ ε
2 ,p. On the other hand, from w ∈ W1,s(I, (Xϑ, Yϑ)) it

follows that w ∈ C(I, C0,ϑ+ϵ) by Lemma 5.4 as in the proof of Theorem 5.10.
But then w(t)µ is Hölder continuous of degree > ϑ + ε

2 and thus a multiplier

on Hϑ+ ε
2 ,p for every t ∈ I. Therefore,

∥∇ · wµ∇g∥Ls(I,Xϑ+ ϵ
2
) ≤ ∥wµ∇g∥

Ls(I,Hϑ+ ϵ
2
,p)

≤ sup
t∈I

∥w(t)µ∥L(Hϑ+ ϵ
2
,p)

∥g∥
Ls(I,H1+ϑ+ ϵ

2
,p)
<∞.

The analogous argument applies when θ ≥ ϑ + ε
2 . (The case θ = 1 is special1

but straightforward since Lipschitz functions are multipliers on H1,p.)2

Remark 5.13. We comment on the optimal case DomLp(−∇ · µ∇+ 1) = W 2,p ∩3

W 1,p
D .4

(1) It was already mentioned in Remark 5.2 that in the optimal case, κ = 2− d/p.
Also, we can identify Yθ in a more explicit manner. Indeed, as in Remark 5.6
we have

Yθ =
[
W 1,p

D ,W 2,p ∩W 1,p
D

]
θ
= H1+θ,p ∩W 1,p

D .

Thus, Yθ coincides with H1+θ,p
D if θ < 1/p. Moreover, recall that for θ ̸= 1/p,5

Lemma 2.3 tells us that Xθ is given precisely by Hθ−1,p
D and Hθ−1,p when6

θ < 1/p and θ > 1/p, respectively. In the case θ = 1, the condition on s7

in Theorems 5.7 and 5.10 becomes 1
s < 1

2 − d
2p which was the one posed in8

Assumption 2.1, and which is also required for the starting point giving a global9

solution in the first place, Theorem 3.1. In this sense, it is optimal.10

(2) In the optimal case, Theorem 5.10 with θ = 1 essentially reproduces [12, The-11

orem 2.3]. In fact, we can even avoid the monotonicity assumption there and12

we do not have to require that the input data is 2s-integrable in time to ob-13

tain an s-integrable solution. We concede that the assumption on s is weaker14

in [12], though; this is because the authors there do not pass through θ-Hölder15

coefficients, and, thus, solutions, but only require continuous ones. Note that16

there seems to be a mistake in the assumptions on time integrability in [12,17

Theorem 2.3] as we have validated with the authors. In our present notation,18

the condition there should be 1
s < 1 − d

2p which is still less strict than ours.19

However, as mentioned above, for the optimal κ = 2 − d/p and θ = 1, our20

requirement on s falls back to the one required for Theorem 3.1, the starting21

point for the whole procedure. In this sense, it is optimal for our technique.22

Appendix A. Results related to interpolation theory. In the following we23

collect some auxiliary results related to interpolation theory that are required in24

Sections 4 and 5.25

A.1. Bilinear interpolation. Let A,B,X, Y be Banach spaces with continuous
and dense inclusions A ↪→ B andX ↪→ Y . Further, let bounded linear maps Φ: A→
L(X), Ψ: B → L(Y ) be given such that the following compatibility property holds:

for all a ∈ A : Ψ(a)|X = Φ(a). (22)
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Theorem A.1. Adopt the above setting and (22). Then, for every θ ∈ [0, 1], the1

restriction of Ψ to [A,B]θ gives rise to a bounded linear operator2

Ψ: [A,B]θ → L
(
[X,Y ]θ

)
.

Proof. Consider the continuous bilinear map3

ℓ : B × Y → Y, (b, y) 7→ ℓ(b, y) = Ψ(b)y,

and its restriction to A × X which coincides with (a, x) 7→ Φ(a)x ∈ X on A × X
due to (22). We thus have the estimates∥∥ℓ(b, y)∥∥

Y
≤ ∥Ψ(b)∥L(Y )∥y∥Y ≤ ∥Ψ∥L(B,L(Y ))∥b∥B∥y∥Y

and ∥∥ℓ(a, x)∥∥
Y
≤ ∥Φ(a)∥L(X)∥x∥X ≤ ∥Φ∥L(A,L(X))∥a∥A∥x∥X .

Then, bilinear interpolation as in [54, Chapter 1.19.5] shows that ℓ gives rise to a4

continuous bilinear mapping [A,B]θ × [X,Y ]θ → [X,Y ]θ whose norm is bounded5

by ∥Φ∥1−θ
L(A,L(X))∥Ψ∥θL(B,L(Y )). Hence, for c ∈ [A,B]θ and z ∈ [X,Y ]θ we find6 ∥∥Ψ(c)z
∥∥
[X,Y ]θ

= ∥ℓ(c, z)∥[X,Y ]θ ≤ ∥Φ∥1−θ
L(A,L(X))∥Ψ∥θL(B,L(Y )) · ∥c∥[A,B]θ∥z∥[X,Y ]θ .

This shows that Ψ ∈ L
(
[A,B]θ,L([X,Y ]θ)

)
, as desired.7

A.2. Interpolation of Hölder spaces. The following result is well known for E =8

Rd or E being a domain with sufficiently smooth boundary, cf. e.g. [37, 54]. Since9

we did not find an explicit reference for a less regular setting in the literature we10

decided to sketch the short proof, although the appearing techniques are standard.11

Proposition A.2. For any nonempty compact set E ⊆ Rd there holds12 (
C(E), C0,1(E)

)
θ,∞ = C0,θ(E), θ ∈ (0, 1),

and13

C0,ϑ(E) ↪→
[
C(E), C0,1(E)

]
θ
↪→ C0,θ(E), θ ∈ (0, 1), ϑ ∈ (θ, 1).

Proof. It suffices to prove the first statement. The second one follows from standard14

embeddings between real and complex interpolation scales. First, note that the15

claim holds for E = Rd, see [37], below the proof of Example 1.1.8, for instance. To16

extend this to general E, we use the Whitney extension operator which provides a17

simultaneous extension operator C(E) → C(Rd) and C0,1(E) → C0,1(Rd), see [52,18

Chapter VI.2]. Then an application of the retraction-coretraction theorem [54,19

Theorem 1.2.4] finishes the proof.20

A.3. Domains on interpolation spaces. The following two results are used in21

the bootstrapping argument in Section 5.22

Lemma A.3. Let A be a closed operator on a Banach space X with domain23

DomX(A) such that A : DomX(A) → X is an isomorphism. Further, let Y ↪→ X24

be a subspace of X such that A is also an isomorphism DomY (A) → Y . Then for25

θ ∈ (0, 1) we have26

Dom[X,Y ]θ (A) =
[
DomX(A),DomY (A)

]
θ
.
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Proof. We equip DomZ(A) with the norm x 7→ ∥Ax∥Z for any occurring space
Z. Then A is an isometry between DomX(A) and X and between DomY (A) and
Y . Thus, by the functorial property of interpolation, A is nonexpansive, mapping
[DomX(A),DomY (A)]θ → [X,Y ]θ, i.e.,

∥x∥Dom[X,Y ]θ
(A) = ∥Ax∥[X,Y ]θ ≤ ∥x∥[DomX(A),DomY (A)]θ ,

so

[DomX(A),DomY (A)]θ ↪→ Dom[X,Y ]θ (A).

Quite analogously, A−1 is a contraction [X,Y ]θ → [DomX(A),DomY (A)]θ, which
shows that

Dom[X,Y ]θ (A) ↪→ [DomX(A),DomY (A)]θ.

The claim follows; in fact, the stated equality is even an isometry with the chosen1

norms.2

Lemma A.4. In addition to the assumptions of Lemma A.3, assume that A is3

densely defined, positive, and admits bounded imaginary powers, each both on X4

and Y , respectively. Then for θ, ρ ∈ (0, 1) there holds5 [
[X,Y ]θ,Dom[X,Y ]θ (A)

]
ρ
=

[
[X,DomX(A)]ρ, [Y,DomY (A)]ρ

]
θ
.

Proof. By interpolation, A has bounded imaginary powers on [X,Y ]θ as well. With6

reiteration for fractional power domains as in [54, Theorem 1.15.3], we thus conclude7 [
[X,Y ]θ,Dom[X,Y ]θ (A)

]
ρ
= Dom[X,Y ]θ (A

ρ).

Now, according to [54, Theorem 1.15.2 (e)], Aρ is still an isomorphism DomX(Aρ) →8

X and DomY (A
ρ) → Y , and hence fulfills the assumptions of the previous lemma.9

Therefore, we obtain10

Dom[X,Y ]θ (A
ρ) =

[
DomX(Aρ),DomY (A

ρ)
]
θ
.

The claim follows from re-expanding the right-hand side via [54, Theorem 1.15.3].11

12

Appendix B. Hölder-regularity for the elliptic operator in Lp. In relation13

to Definition 5.1 for the degree of Hölder-regularity for solutions to the elliptic14

problem associated to −∇ · µ∇+ 1 in Lp, we provide some examples for explicit κ15

in some rather nonsmooth cases:16

Example B.1. Let Ω be a convex domain, let µ be Lipschitz-continuous, and let
ΓD = ∂Ω or ΓD = ∅. From [21, Theorems 3.2.1.2&3.2.1.3] it is well known that

−∇ · µ∇+ 1: H2 ∩ ker(B) → L2,

is a topological isomophism, with B = tr if ΓD = ∂Ω, or B = ν ·µ∇, the co-normal
derivative on ∂Ω associated with µ, if ΓD = ∅. Hereby, we consider ker(B) as a sub-
spaces of W 1,1 and W 2,1, respectively. Every convex domain is locally uniform [53,
Proposition 3.8]. Consequently, there is a degree-independent Sobolev extension
operator for Ω [49], and the families (Lq)q∈(1,∞) and (W 2,q ∩ ker(B))q∈(1,∞) form
interpolation scales such that

−∇ · µ∇+ 1: W 2,q ∩ ker(B) → Lq (23)

is a bounded linear operator for every q ∈ (1,∞). It follows from Sneiberg’s ex-17

trapolation theorem, see [42, Theorem 3.1], that there is some q̄ > 2 such that (23)18
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is still an isomorphism for q ∈ [2, q̄]. Sobolev embeddings therefore imply that we1

can choose κ > 1 in dimension d = 2 and κ > 1
2 in dimension d = 3.2

The following example is concerned with polygonal domains in R2, constant3

coefficients, and possibly mixed boundary conditions:4

Example B.2. Let Ω ⊂ R2 be a polygon with vertices Sj , j = 1, ..., N . By ωj we5

denote the interior angle of Ω at Sj . The type of boundary condition on each edge6

has to be fixed (homogeneous Dirichlet or Neumann), which is not a restriction,7

because “artificial” vertices with ωj = π are allowed. In order to keep the notation8

as simple as possible, we restrict ourselves to the Laplacian, i.e., µ = id, for this9

example.10

Given g ∈ Lp, let f ∈ H1
D denote the solution of −∆f + f = g. From [21,

Theorem 4.4.3.7] we infer that there is a regular part of the solution f0 ∈W 2,p∩W 1,p
D

such that the remainder f−f0 can be expressed in polar coordinates (rj , θj) centered
at Sj as follows:

(f − f0)(rj , θj) =
∑

1≤j≤N

ηj(rj , θj)
∑

0<λj,m<2/p′

cj,mr
λj,m

j sj,m(θj) (24)

Herein, ηj denote smooth cut-off functions with their support near Sj , the cj,m are
scalar coefficients, and the sj,m are smooth. The exponents λj,m correspond to the
eigenvalues of certain Sturm-Liouville eigenvalue problems, and can be determined
analytically, cf. [21, p.220]:

λj,m =
πm

ωj
for pure Dirichlet or Neumann boundary conditions around Sj ,

λj,m =
πm

2ωj
if boundary conditions change at Sj .

Therefore, any f ∈ DomLp(−∆ + 1) consists of a W 2,p-part f0, which is then in11

C1,1−d/p(Ω), and a singular part given by (24). From [21, Theorem 6.2.10] we infer12

that this singular part is Hölder-continuous with its degree given by the minimal13

λj,m appearing in the sum. Hence, we conclude14

κ = min

2− d

p
, min

ωj>π

unif. BC’s at j

π

ωj
, min

ωj>
π
2

mixed BC’s at j

π

2ωj


in this example. Note that using [21, Theorem 5.2.7] also non-constant, but Lipschitz-15

continuous µ can be treated in case of pure homogeneous Dirichlet boundary con-16

ditions.17

Following [45], Example B.2 can be extended to a scalar coefficient function µ18

that is constant with respect to a poylgonal partition of Ω:19

Example B.3. Let Ω ⊂ R2 be a polygon and µ be a scalar function that is piecewise
constant with respect to a partition of Ω into subdomains given by polygons. In [44,
Theorem 2.27] a decomposition of f ∈ DomLp(−∇ · µ∇ + 1) into a W 2,p-part
and a singular part, similar to the previous example, is obtained. If µ is non-
constant, then singularities can occur at any vertex of the boundary and also along
the discontinuities of µ inside the domain. Again, the “bad” contributions to f
arise from terms of type rλs(θ) (in polar coordinates) with λ to be determined from
certain Sturm-Liouville eigenvalue problems, cf. [45]. In order to have lower bounds
on these eigenvalues depending only on the underlying geometry, but not on the
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actual values of µ, we require the following restriction: For any x ∈ Ω̄ the number
of different values of µ (“materials”) adjacent to x plus the number of boundary
conditions at x does not exceed 3. Under this assumption the following eigenvalue
estimates are provided in [45], see also [14, Section 8]:

λx >
π

2ωx
x ∈ ∂Ω, two materials, uniform boundary condition,

λx >
π

2ωx
x ∈ ∂Ω, one material, boundary condition changing,

λx >
1

2
x ∈ Ω, two adjacent materials,

λx >
1

4
x ∈ Ω, three adjacent materials.

Hereby, ωx denotes the interior angle of Ω at the (possibly artificial) vertex x ∈ ∂Ω.1

The remaining case, i.e., a point x ∈ ∂Ω with only one adjacent material and2

uniform boundary condition, has already been dealt with in Example B.2. For the3

details and similar results under less strict assumptions we refer to [45]. As in the4

previous example, the maximal value for κ is determined by the minimal λx for5

x ∈ Ω.6

In three space dimensions the situation is more involved. For example, in elliptic7

problems on polyhedral domains there are singularities arising from both vertices8

and edges. We refer to [15, 16, 22] for an overview. For a constant coefficient9

function µ and pure homogeneous Dirichlet boundary conditions, a decomposition10

into a regular and a singular part similar to the one in Example B.2 is still possible,11

see e.g. the exposition in the proof of [55, Lemma 2.3]. The resulting degree12

of Hölder-continuity, however, depends on the eigenvalues of the Laplace-Beltrami13

operator on certain spherical polygons and seems to be difficult to determine. We14

thus do not go into further details.15

Acknowledgements. The authors thank J. Rehberg (WIAS, Berlin) for initiating16

early work on this project, encouragement, and helpful discussions.17
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[34] M. Köhne, J. Prüss, and M. Wilke. “On quasilinear parabolic evolution equa-38

tions in weighted Lp-spaces”. In: Journal of Evolution Equations 10.2 (Feb.39

2010), pp. 443–463. doi: 10.1007/s00028-010-0056-0.40
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