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1. Introduction
We consider the optimal control problem

min  £(y,u)
yu

. u € Ung, (OCP)
o y is the solution to (CWE)),

where the underlying partial differential equation is the H!-critical defocusing wave equa-
tion on a bounded domain 2 with smooth boundary in three spatial dimensions over a
finite interval (0, T), complemented with homogeneous Dirichlet boundary conditions, in
the prototype form

02y — Ay +y° =u in (0,T) x Q,
y=0 on (0,T) x 09, (CWE)
(y(O),aty(O)) = (yo,1) in Q.

We suppose that & = (yo,y1) € H{(Q) x L2(Q) = &€ and u € L(0, T;L%(Q)), which
is the natural H'-setting for the wave equation. The performance index ¢ for (CWE] is
chosen to be

1 Y
Uy, u) = 5\\1/(1_) — Yalltz) + Z||y||ﬁ4(o,T;L12(Q))
B2
+ BillullLio,1iL2(0) + ?HUH%P(O,T;LZ(Q))

for y4 € L2(Q) and scaling parameters 7, 31, 32. The objective in is thus to find
a control u € Uyq such that the associated solution to (CWE) y(T) at time T matches
a given profile y4 as well as possible in the L?-sense. The parameters v, 81 and (o in ¢
are nonnegative. It will be specifically mentioned if their positivity is required. While
the L2(0, T; L2(2)) term describes a quadratic control cost, the L1(0, T; L2(Q)) term is
known to be sparsity enhancing. The purpose of the L*(0, T; L'2(Q)) norm term will
become clear later. The constraint set U,q is of the form

Und = {v: (0,T) = L2(Q): [[v(t)12() < w(t) faa. t e (o,T)}

for a measurable function w which is nonnegative almost everywhere on (0, T). It models
a maximum overall input power at every time ¢t € (0, T) for the controls u. We emphasize
that w is not assumed to be bounded away from 0 uniformly almost everywhere. It is
thus possible to model e.g. a forced soft “shut-off” or decay to zero of |lu(t)||r2(q) as
t \ T for some T € (0, T].

Context

The state equation (CWE) is a semilinear wave equation. Such equations are of
interest in several areas of natural sciences, in particular in relation to mathematical
physics [20, 23] 26] B2] [39, 40], in nonlinear elasticity [29], and the theory of vibrating
strings [35].
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The exponent 5 in the power-law nonlinearity y° in (CWE) is the H'-critical one

since it satisfies 5 = Z—fg, with n = 3 being the space dimension. This terminology stems

from the case 2 = R™ where “critical” implies that (classical) solutions y to (CWE)

with 4 = 0 are invariant under the scaling \ +— )\*"Tdy(ﬁ, %) and thereby preserve

ll€olle, cf. e.g. 1L Ch. 3.1]. A major difficulty here is that one does not obtain a bound
on y € L5(0,T;L'°(Q)) and thus on y® € L'(0, T;L?(Q2)), which makes global-in-time
existence difficult to prove. It turns out that a uniform bound on y € L*(0, T; L'%(Q))
is also sufficient due to interpolation and L°°(0, T;L%(Q)) energy conservation. The
nonlinearity is defocusing due to its sign, which does not play a role for local existence
of solutions to , but is crucial for long-time, i.e., global-in-time, existence.

There is a large body of rather recent work about the analysis of solutions to critical
wave equations and their global-in-time existence, including monographs (partially) ded-
icated to the topic such as [41] or [38]. We focus on the works on space dimension 3. His-
torically, global existence was proven first for 2 = R? by Grillakis [19] in 1992 for smooth
solutions and by Shatah and Struwe [33] [34] for energy space solutions in 1993/1994.
Smith and Sogge were able to extend this result to the exterior of convex obstacles [37],
and finally the case of a bounded domain §2 with Dirichlet conditions was treated by
Burq, Lebeau, and Planchon [3] in 2008. This was followed by the treatment of the
Neumann conditions case by Burq and Planchon [4]. By now, improved Strichartz es-
timates compared to the ones which were available in [3] are proven by Blair, Smith
and Sogge [2] and these allow for a slightly more convenient existence proof as outlined
in [38, Ch. IV]. Of course, this is all for the defocusing case since the mentioned works
establish global existence for initial data of arbitrary size. Extensions of the mentioned
results and especially the focusing case are in the focus of current research; we mention
exemplarily [T11 [13] T4} 21], [25].

Semilinear wave equations have attracted significant interest in the classical control
theory community and are a subject of ongoing research. Let us just mention for ex-
ample [8, [0, 22] 27], where subcritical nonlinearities are considered, and the more recent
works [0} [24] for the critical case. On the other hand, the literature regarding optimal
control of semilinear wave equations and especially the one about stronger nonlinearities
appears to be rather scarce. We refer to [31] and related works, where the focus lies more
on the state constraints imposed on the system, or to [I6] with a mild nonlinearity. We
are not aware of any work related to the optimal control of a critical semilinear wave
equation.

The contributions of this work are thus threefold:

e Up to now, the proofs of global existence of solutions to mentioned above do
not incorporate forcing terms or controls u. We thus explicitly revisit the proof in [3]
to obtain a global existence result including the control. Due to the lack of a uniform
bound on the nonlinearity, as mentioned above, the proof is quite sophisticated and
taylored to the critical nature of the problem.

e We show existence of globally optimal solutions to (OCP|) and derive optimality con-
ditions of both first-and second order type. Again, a particular point is that there is
no uniform bound on the L!(0, T; L?(©2)) norm of y° for varying controls u from the
PDE which we thus have to enforce using the cost functional ¢ with v > 0.
The derivative of the associated term then enters the optimality conditions.
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e We consider the constraint set of pointwise-in-time Trust Region type U,q for the opti-
mal control problem which seems not to have received much attention in the available
literature so far. This plays a most prominent and demanding role in the derivation of
second order necessary optimality conditions for . It is of independent interest
and a novel contribution in its own right.

Let us also point out that we could also consider more general nonlinearities f(y) in place
of ¥ in (CWE), as long as they exhibit comparable growth and continuity properties.
We have chosen to omit the technical details for the sake of exposition.

Overview

We first establish several basic but fundamental results about solutions to (CWE))
CWI) and

in Section This includes the concept of mild and weak solutions to

several important estimates for solutions to wave equations. It ends with local-in-time
wellposedness of (CWE]). As announced above, the solution regularity will then be
(y,9') € C([0,T*);€) with y € L ([0, T*); L13(Q)) for some T* € (0, T] but there will be
no uniform bound in the latter space. In Section [3] we establish that such local-in-time
solutions in fact exist globally in time in the energy space class by incorporating the
inhomogeneity u into the related proof in [3]. The optimal control problem is treated in
Section[d After some preparatory differentiability results, we prove existence of globally
optimal controls for as well as necessary optimality conditions of first and second
order, and also second order sufficient conditions. For the latter, we need to assume that

62>0.

Notation and conventions

We already mentioned above that we often consider the energy space £ :== H{(£2) x
L?(Q) and throughout equip H§ () with the norm [yl @) = IVYllLz(q). Moreover, for
a time-dependent function y, we write

&(t) = (y(1),0(®) and [|& @7 = [|Vy®)|;20q + 100®)|72 -

We use (-,-)q for the L2(Q) inner product and write A < B if there is a constant C' > 0
such that A < C - B. If necessary, a dependency of the constant C' on another quantity
D will be denoted by A <p B. All other notation will be standard. We consider all
function spaces to be real ones.

Lastly, the global time interval length T is given and fixed for this work, but we will
sometimes have to deal with the theory of functions or solutions on intervals other than
[0,T]. In these cases, let T € (0, T], and consider, if necessary, implicitly a dilation of
[to,tl] - [O,T] to [O,T] via T =1t — 1.

2. Existence and uniqueness of local solutions

The classical notion of a solution in the energy space £ is that of a mild solution. For
this, let us introduce the Laplacian operator A in L2(Q2) given by

D(A) = {(,0 € HA(Q): 3f € LA(Q): (Vo, Vi), = (f,4), for all € Hg(Q)},
Ay = —f.



Definition 2.1 (Mild solution). We say that the function y is a mild solution to (CWE)
on [0,77 if y € L*(0,T;L'2(Q)) and &, € C([0,T];€) with [ &,(s)ds € D(A) x H)(Q)
for all t € (0,7T] and

£,(t) = &+ <g Igl) /Otgy(s) ds+/0t <u(s)_0y5(s)) ds forallte[0,T] (2.1)

is satisfied.

Remark 2.2. Let us briefly comment on the—at first glance—somewhat curious re-
quirement y € L4(0,7;L'%()) in the definition of a mild solution. By Sobolev embed-
ding, we have H}(2) — L5(Q), so a mild solution y can be considered as an element of
L>°(0,T;L5(2)) N L4(0, T; L*2(2)). The Holder inequality shows that

1125 000 < IFILeo,mimrzan | FllLe 0.7 @) (2.2)
and thus
121 0.2 @) < 1T o,z o) | FllLe 0.7 (@) (2.3)

for all f € L*(0,T;L'2(Q2)) N L>°(0,T;L°(Q)). This shows that for a mild solution y
on [0,7] we have y° € L1(0,7;L?(2)) such that the second row in is in fact self-
consistent. Of course, we could have required the weaker condition y € L3(0, T; L1°(Q))
instead at this point; we will see the benefit of the stronger requirement later.

Following [24], we moreover introduce the following concept of solution for the prob-
lem (CWE) which is more suited to the optimal control problem. It is named after the
authors of [33, [34].

Definition 2.3 (Shatah-Struwe solution). We say that the function y is a Shatah-Struwe
solution to (CWE]) on [0, 7] if y € L*(0,T;L'?(Q)) and &, € L>(0,T; &) with &,(0) = &
satisfies the weak formulation

T T T .
- / (Bry(8), Dup(t)) , dt + / (Vy(t). V(). dt + / (15 (1), (8)), dt
0 0 0

= /0 (u(t),o(t))dt  forall p € CZ((0,T) x Q).

Note that the notion of a Shatah-Struwe solution in fact also makes sense if y does not
have the additional integrability property. It is also meaningful for initial data only from
H~1(Q) x L2(Q), since the solution will be continuous with values in H=1(2) x L2(£2), and
for u € L*(0, T; H~(Q). For our purpose, we had supposed & € £ = H}(Q) x L2(Q2) and
u € L1(0,T;L%(Q)); thus, we can in fact show that Shatah-Struwe and mild solutions
coincide and are unique. The additional integrability property y € L*(0,7; L'2(2)) is also
important here. The first step is to establish conservation of energy for Shatah-Struwe
solutions, from which we immediately obtain continuity, and later also uniqueness of
such solutions:

Proposition 2.4 (Energy conservation, [24, Prop. 3.3]). Let y be a Shatah-Struwe so-
lution of (CWE|) on [0,T]. Then the energy function E, associated to y given by

B,(0) = S/ OIE + G0y — | (u(s).00(5))
)



is absolutely continuous. Moreover, Ey(t) = E,(0) = 1&|2 + %”%Hga(g) for all t €
[0,T], and we have &, € C([0,T];E).

Here, the continuity of &, follows from the continuity of E,, cf. [30, Ch. 3, Thm. 8.2].
The energy conservation gives us an a priori bound on the C([0,T]; £) norm of &, and on
|ylL (0,518 (02)) Which will prove very useful when proving that solutions exist globally-
in-time:

Lemma 2.5. Lety be a Shatah-Struwe solution to (CWE]) on [0,T]. Then we have

||§y\|?:([o,T];5) + ”yHgm(O,T;LG(Q)) < léollE + ||Z/0||6L6(Q) + ”uHil(O,T;Lz(Q)) = Fo. (24)
Proof. From E,(t) = E,(0), we clearly find

1 1
§||§y(t)||§ + éHy(t)H?ﬁ(Q) - ||6tyHL°°(0,t;L2(Q))||UHL1(0,t;L2(Q))
1 1
< By(t) = E,(0) = 316ll3 + gllwollfe o),

so for every € > 0

1 , 1 ] )
sup — t + = "
s (G608 + g0l

1
< E,(0) + 5||5tl/H%oo(o,T;L2(Q)) + Z€||u||%1(O,T;L2(Q))'

This implies

1 1
§||€y\|é([o,:r];5) + EHy”gW(O,T;LG(Q))
1
S Ey(0) + ell0uyllf < (0 1:12(02)) + Z€||U||il(o,T;L2(Q))»

and with e small enough we can absorb the 6||8ty||im(07T;L2(Q)) term in the left-hand side

to obtain ([2.4)). O

Next we show that Shatah-Struwe and mild solutions coincide.

Lemma 2.6. A function y is a mild solution to (CWE|) if and only if it is a Shatah-
Struwe solution.

Proof. Let y be a mild solution to (CWE]). Testing the second row in (2.1]) with ¥ ® ( €
C(0,T) ® C(Q), we find

T
/0 (B (), ro(1)C) , dt

= (yl,C)Q/OT dub(t) dt+/0T (A/Oty(s)ds,<>98tw(t) dt

+ /O ' ( /O u(s) — (s ds, c)ﬂ dr(t) dt.
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Using selfadjointness of the Laplacian on L?(£2) and Fubini’s theorem, we continue with

:/0 (/ ()dsAC) Q(t) dt+<// )8ﬂ/}()dt,c> ds

Q

T
- / (y(s), ~AC) (1) i — / (u(s) — 4°(5),C) (s) ds.
0 0

It remains to observe that (y(s), —A(¢),, = (Vy(s),V(),,, due to ¢ € CX(Q) C D(A)
and the definition of the Laplacian in L?(£2), and that C°(0,7) @ C°(Q) is dense in
C((0,T) x Q) (I, Thm. 4.3.1]) to conclude that y is a weak solutlon to

For the reverse assertion, let y be a Shatah-Struwe solution to . We need to
show that the first row in is satisfied in H(Q2). Writing

t
—ZJO:/ Ory(s)ds
0

at first in L2(92), we observe that the left-hand side is in fact a continuous function in
H{(Q) due to Proposition This gives the assertion.

For the second row and fo s)ds € D(A), observe that from the definition of a weak
solution, we have

(OFU(0),C) s sy = (VU(E), VO o+ (ult) = 7 (6),0), for all ¢ € CT(Q) (25)

for almost all ¢ € (0,7). With d,y(t) € L2(Q) for almost all ¢t € (0,7 together with
y1 € L2(2), we thus find

(Ory(t) = y1,¢) ¢, = (Dry(t) — yl,C>H71(Q)’H})(Q)
= [ Orrs e
= /0 (Vy(s), V<) g + (uls) —4°(s),¢), ds

and so
@) -+ [ ()~ uls) ds,O),, = ( / y(s)ds Ag)

Since this equality extends from all ¢ in C(2) to all ( € D(A), we have by definition
of the adjoint operator and selfadjointness of A:

Q

/Oty(s)dseD and A/ s)ds = dyy(t) — y1+/0ty5(s)—u(s)ds.

This is the second row in (2.1). Continuity of the Shatah-Struwe solution follows from
the energy inequality as noted in Proposition O

Another consequence of the energy conservation for Shatah-Struwe and, per Propo-
sition [2.4] mild solutions, is uniqueness:
7



Proposition 2.7 (Shatah-Struwe uniqueness, [24, Cor. 3.4]). The Shatah-Struwe solu-
tion of (CWE|) is unique, if it exists.

Corollary 2.8. If there exists a mild solutiony to (CWE]), then it is unique and coincides
with the Shatah-Struwe solution.

Next, we establish some important estimates and finally local-in-time existence of
solutions. For this purpose, consider the block operator in Definition (mild solution)
as a closed operator in Hj(Q) x L(Q) via

A= (g 151) . D(A) = D(A) x H:(Q).

It can be shown that the operator A generates a Cop-semigroup ¢t — et on &, cf. [T
Ch. XVII §3 Sect. 3.4]. Thus, for & . = (21,20) € € and f € L(0,7;L?(Q2)), the usual
variation-of-constants formula

E(t) = et + / A= ( f(Os)> ds. (2.6)

0

is well defined and gives the unique mild solution z € C([0,7];€) to the linear wave

equation
02z —Nz=f in (0,7) x 9,
z=0 on (0,T) x 99, (LWE)
(z(O),atz(O)) = (z0,2z1) in €,
cf. [I, Prop. 3.1.16].
We state the fundamental estimates for z satisfying (2.6). While the first one is

the standard energy space estimate which follows immediately from (2.6) and Sobolev
embedding, the second one is a nontrivial Strichartz estimate as proven in [2]:

Lemma 2.9 (Energy- and Strichartz estimates). Let f € L1(0,T;L2(2)) as well as & . €
E, and let &, be given by (2.6) for t € [0,T]. Then there exist constants Ce(T),Cs(T)
such that the energy estimate

||£Z(t)Hg + ”y(t)”LG(Q) < Ce(T)(HfO,zHg + ||fHL1(07T;L2(Q))) (27)

for all t € [0, T], and the Strichartz estimate

H’ZHL‘*(O,T;LW(Q)) = CS(T)<H§0,2H5 + HfHLl(O,T;L2(Q))) (2.8)

are satisfied.

Remark 2.10. Suppose that & , = 0. Then it is easy to see that the constants C.(7)
and C,(7) associated to the estimates and for solutions on the intervals [0, 7]
are monotonously increasing in 7. In other words, given a function f € L(0,T;L2(2)),
we have C.(7) < Co(T) and Cs(1) < C5(T) for all T € [0,T].



Now, if &, with y € L4(0, T; L*2(12)) is given by (2.6) with f = u—y® and initial data

&o, so that
fy(t) _ eAt§0 +/ cAlt—s) (u(S) —Oy5(8)> ds, (2.9)

0

then y is in fact the unique mild solution to in the sense of Deﬁnition on [0,T]
(see again [I, Prop. 3.1.16]) and thus also the Shatah-Struwe solution, recall Corollary[2.8]
In particular, y satisfies the estimates in Lemma for f = u — 3 and initial data &.
As explained in Remark the integrability y®> € L(0,T;L%*(Q)) follows from the
additional dispersion information y € L*(0, T; L'2(2)).

Using the linear estimates in Lemma together with the interpolation inequalities
as in Remark local existence and uniqueness of a function y satisfying (2.9)—which
is then also the unique mild and Shatah-Struwe solution on the interval of existence—
depending continuously on the given data follows from a standard fixed point argument.
(See also [24, Prop. 3.1] for another explicit proof.)

Theorem 2.11 (Local-in-time existence). There exists a mazimal unique mild and
Shatah-Struwe solution to such that is well posed with respect to £ and
LY(0,T;L3(2)). More precisely, there exists a mazimal time T® € (0, T] depending on
& € € and u € L1(0, T;L2(Q)) and a unique function y on [0,T*) with &, given by
such that

& € C([0,7°);€) and ye Ly, ([0,7°);L*()).

loc

This function y is the unique mild and Shatah-Struwe solution to on [0,T] for
every T € (0,T*). Moreover, there exists € > 0 such that for every initial value oy €
B.(&) C & and every right-hand side v € B.(u) C LY(0,T;L2(Q)) there exists a unique
solution § in the foregoing sense on the same intervals of existence and the mapping
B:(&0) x Be(u) 3 (¢o,v) — ¥ is continuous.

Remark 2.12. The wellposedness of (CWE) allows to obtain certain classical proper-

ties of more regular solutions to ( E|) and related equations also for Shatah-Struwe
solutions by approximation. This includes in particular finite speed of propagation of
such solutions, cf. e.g. [I5, Ch. 2.4.3, Thm. 6].

3. Global solutions

In this section, we establish that there indeed exists a unique global-in-time mild and
Shatah-Struwe solution to on [0,T] given by (2.9). The argument follows [3]
which in turn builds upon [37], see also [38, Ch. IV, §3] or 41, Ch. 5.1]. We mostly
outline the strategy and give a minimally invasive modification of the proof in [3]. The
modification is necessary in the first place because on the one hand, only the case u =0
is treated in [3], and on the other hand, the improved Strichartz estimates in [2] as stated
in Lemma allow to simplify the proof at some places compared to [3]. The global
existence result is also stated in [24], Thm. 3.8], however, without a proof.

The proof consists in principle of an ordinary extension argument via the energy
space &: Let y be the maximal solution to as in Theorem We show that
the limit limy ~pe &, (t) =: &, (T®) exists in £. Then we either have already T* = T, or we
can extend the solution by re-applying Theorem [2.11| starting from 7'® with initial data
&,(T*) until we have a solution on the whole [0, T].
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For this purpose, it is imperative to observe that, by the energy estimate , the
limit of &,(t) ast /' T* in only fails to exist if y ¢ L5(0,7°;L1°(Q)); so we want
to prove that in fact y € L5(0,7*;L%(£2)). Due to energy conservation (cf. Lemma
and (2.2)), it is moreover sufficient to show that y € L*(0,7°; L'2(Q2)).

In the introduction it was mentioned several times that there is no direct bound on
a local solution y in L4(0,7°;L'%(Q)) in the critical case. This is in contrast to the
subcritical case with a nonlinearity y? with 1 < p < 5. We give a quick demonstration
of this and how it does not work for the critical case (cf. [38, Ch. IV.2]). Let y be the
local-in-time solution of as in Theorem and let ¢t € [0,7°). The Holder
inequality yields the more general form of (2.3]

HypHLl(t7T’;L2(Q)) = HyIIL4 t,T®;L12 Q))"y||Lﬁ(t,T-;L%(Q))'

Now note that == 5 <p+1 if and only if 1 < p < 5. Hence

5—p
[yl Sa (T = 1) ™ [yl 7o+ (0))-

L5 P (t,T; L7 P(Q))
If y? is the nonlinearity in , then [|y||L (¢, 7e;Lr+1(q)) is present in Proposition
instead of the corresponding L6(Q) terms. Accordingly, it is uniformly bounded by a
power of Ey and we obtain from the above

HypHLl (+,T*;12(Q)) Sam (T°—1t) © ||y”€z(1t,T-;Ll2(Q))-

The Strichartz estimate (2.8)) then shows that

5-p _
lyllse o)) Same VEo+ (T°—t) * ”yni‘l(lt,T';Ll?(Q))'

Via Lemma this implies that there is t* € (0,7°*) such that ||y s 7e;112(0)) is
finite. Unfortunately, the foregoing proof breaks down completely for the critical value
p = 5 since we obtain

lyllace,rei20) Se vV Eo + ||yHL°°(t,T';LG(Q))HyHi‘l(t,T';Ll?(Q))

and ||yl e (¢, 7;18(0)), although bounded by Eé/G, does not go to zero as t \, T* in
general. It is thus necessary to proceed differently. The idea is to replace the “full-
spacetime” norm [|y||pe (¢, 7+;16()) by a localized one which indeed goes to zero as ¢t \, T°*.
This is done as follows.

We first show an LS-non-concentration effect in T*®, namely that the LS norm of the
solution cannot concentrate in a single point xg, i.e., be greater than 0. This is the most
involved and nontrivial result, but luckily we only need to make appropriate modifica-
tions to incorporate the inhomogeneity u compared to the proof in [3, Prop. 3.3]; see
Proposition The non-concentration effect allows to prove that the solution must be
in L}L1%-integrable on a backwards light cone through (7°*,xg). (For precise definitions,
see below.) This is done in Proposition We then show in Proposition that this
L}L1%-integrability enables us to prove that the L°LS-norm of y becomes arbitrarily
small on a slightly larger light cone as we approach T®. This allows to employ an argu-
ment similar to the one displayed for the subcritical case above which then finally leads
to boundedness of L*(#*, T*; L'2(Q2)) for some t* close to 7 and thus finishes the proof
of the main result, Theorem
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3.1. Global existence

We fix xg € Q for the following, if not stated otherwise, as well as the blowup time
T* > 0. Frequently needed objects are the J-enlarged backwards light cone through
(s,x0) for 0 < tg < s<T*and d > 0 given by

A(d;t0, 8) = {(t,x) € [to,s] x Q: |x —xo| <6+ T —t}.
Moreover, we need its “time slice” at time level 7

D! = {(T,x):xeﬁ, |X—X0|§5+T'—T}

T

with D, := DY. Clearly, the sets Di live in the four-dimensional space R x R3, and we
use P,D? to denote the projection of this set onto the second coordinate block, so in R3.
We moreover use the mixed Lebesgue norm notation

s p/q
Wi P oo s ::/ / lw(t,x)[7dx |  dt,
Lt aGitos) = o\ Jp s

with the usual modification for p = co. Finally, let us define the local energy of a function
von DY for 0 <t <T* by

2 2 6
E,(5;1) ::/ [Vu(t,x)[* 4 |0pv(t, x)| N ot )
P.D? 2 6

The first result is the LS-non-concentration effect:

Proposition 3.1 (L%-nonconcentration). There holds

lim t,x)|®dx = 0.
Jim [ W)

Proof. We need only make appropriate modifications in the proof in [3, Prop. 3.3], whose

strategy follows [37, Lem. 3.3] or [38, Ch. V, Prop. 3.2], to incorporate the inhomogeneity
u. There are essentially three aspects:

1. The estimate
||8l/yHi?(0,s;L2(BQ)) S Eo

is still satisfied uniformly for every 0 < s < T'®, where J, is the trace of the outer unit
normal on 9. This follows as in [3, Prop. 3.2] by taking care of the estimate

/OS /Q {(Zu)(t,x) ~y(t,x) — (Zy)(t, x) ~u(t7x)} dxdt < Ep

uniformly in s, where Z is a smooth scalar field on 2 which coincides with 9, on 9. (For
this argument, we suppose v and y to be smooth and refer to the wellposedness of the
equation, recall Remark ) Such an estimate follows immediately using integration
by parts and the energy conservation .
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2. We refer to [3, Sect. 3.1], [37, Lem. 3.2] or [38, Ch. IV, §3] for the derivation of

Ey<0a5) +F1U.X(y;7‘0,3) + / aty(tvx) : U(t,X) d(t7X) = EZ/<O’TO) (31)
A(0;70,5)

for 0 < 79 < s < T*. Here,

Flux(y; 70, 8) == / e(t,x) - v(t,x)do(t,x),
Mz,

where M?
0

= {(t,x) € A(0;70,5): |x — x| = T® — t} is the “mantle” and v the unit
outer normal t

A(0; 70, s), and the vector field e is given by
Opy(t,x)|? t,x)[? t,x)[6
€(t,X) — (l ty( 7X)| ;|Vy( aX)l + |y( 76X)| ,—

{

Oy (t,x)Vy(t, x)) )

Thus, Flux(y; 7o, s) is the energy transferred across M; during transition from D to
D;, and we have Flux(y;79,$) > 0. As in the references for the proof, we show that
lim,, »pe Flux(y;79,s) = 0.
Estimating the integral involving u in (3.1]) from below and using the energy bound (2.7))
we derive
Ey (0, S) + Flux(y; T0, 8) S Ey(O, T()) + E0||UHL1(TU,S;L2(Q))' (32)

The nonnegativity of the flux now implies that the function f defined by ¢t — E,(0,¢) +
Eollul|L1(¢,7e;1.2(q)) is nonincreasing. Due to the energy bound ({2.4), it is moreover uni-
formly bounded for ¢ € (0,7*), and thus admits a limit lim; ~pe f(¢). Back in (3.2), we
now have

T()/‘T.

0 < Flux(y; 70, 5) < f(70) = f(5) 0,

so indeed lim,, »pe Flux(y; 19, s) = 0.

3. Lastly, in the proof in [3] Prop. 3.3], a Morawetz identity is used which can be formally
derived by multiplying the state equation with (¢ - Oyy(t,x) + x - Vy(t,x) + y(t,x)). The
identity is then integrated over A(0; 7o, s) and a bound on the LS(P,D,,)-norm of y(7o)
is derived; this is of course again for smooth solutions of the equation and the claim for
mild solutions follows by approximation. To comply with the line of proof in [37] or [3],
we need to make sure that

/ u(t,x) - (t- Oy(t,x) +x - Vy(t,x) + y(t,x)) d(t, x) 2%
A(0;70,s)

0.

(Note that, in order to stay close to the referred works, we have shifted (7°*,x¢) to
(0,0) here, so now 79 < s < 0.) This however follows quite immediately from Holder’s
inequality and the energy bound , as the absolute value of the left-hand side can be
estimated by

/ lu(t,x) - (£ Bey(t, %) +x - Vy(t,x) + (b)) d(t,x)
A(0;70,8)

< / lullrz@) (ITol10ellL2 () + diam(Q)[[Vylliz) + |ylliz@)) dt
T0

S Ml (ro,0m2(0))-
12



With these three modifications, we can now repeat the proof of L6-non-concentration
verbatim as in [3] Prop. 3.3] with w inserted at the appropriate places. O

To make use of the foregoing Proposition we next establish a series of preliminary
results. The first one is a technical result which allows us to localize functions to the
“slices” P,(DiS .

Lemma 3.2 (Localization (|3, Lem. 3.3])). Let 1 < p < oo. For every xq € Q there exist
numbers Teg; > 0 and Ceyy > 0 with the following significance: For § < rey, there exists
to € (OVT® + 6 — rew, T®) such that given v € L}, (0,T*;LP(RQ)), there exists a function
v e Ll (0,7%LP(Q)) such that

loc
v(t) =0(t) a.e. on PD?
and
[o)ILe () < Ceat V()L (p, p2) (3.3)
for allt € (to,T*).
The number 7y in the next proposition is the one from Lemma [3.2

Proposition 3.3. Let 0 < 6 < reyr and assume that for every € > 0 there exists 19 €
(0, T*) such that

”yHLi’QLg(A(é;TmT’)) <e
Then there is to € (0,T*) such that y € LILI2(A(8;t0, T*)).

Proof. Let to € (0VT® 4+ 6 — Text, I'®) be fixed for now, to be chosen later. We use the
assumption in conjunction with the Strichartz estimate (2.8)). Let ¢ be the function from
Lemma coinciding with y on A(d;tp,T*) and let w be given by

Eu(t) = ey (to) + / A=) (u(s) _Og5 (S)> ds,

to
so the mild solution to the linear wave equation (LWE|) on [to,7°) with f = v — g
and initial data &,(to). Then w coincides with y on A(d;to, T®) due to finite speed of

propagation, cf. Remark Using the Strichartz estimate ([2.8)) for this linear equation
we obtain

||ZUHL§L;2(A(5¢0,T-)) < Hw||L4(to,T';L12(Q))

Ste

fy(to)”s + HgsuLl(to,T';Lz(Q)) + HuHLl(tO,T°;L2(Q))'
The extension estimate and the interpolation inequality further yield

|

g5

|L1(t0,T';L2(Q)) < Iyl LEL1O(A(6:t0,T*))

S Hy||i§L)1c2(A(5;t07T0))Hy||L,‘?°L?((A(6;t0,T'))-
Hence, choosing e small enough (cf. Lemma [A.1)) and if necessary enlarging to to 7o(¢),
we obtain
||ZUHL;1L;2(A(5¢0,T-)) < ny(tO)Hg + ||“||L1(to,T°;L"‘(Q))-

An application of the energy bound ([2.4) then yields the claim. O
13



An immediate consequence of Proposition [3.3] and its proof together with the inter-
polation inequality (2.2)) is the following;:

Corollary 3.4. Let the assumption of Proposition hold true for some § satisfying
0 <6 < 7regt. Then, for every € > 0, there exists to € (0,T°) such that

||y||L§L;0(A(5;to,T')) <&

We will need a bound for the energy transfer from one time level to another in the
light cones when we come close enough to T°. The following lemma states that this is
possible and, crucially, even uniformly in §.

Lemma 3.5. For every ¢ > 0 there is to € [0,T°) such that
Ey(0;s) < Ey(6;70) +¢
for all 19, s satisfying to <7179 < s<T*, and all § > 0.

Proof. Let 0 <tg <719 <s<T* Asin the proof of Proposition we obtain for every
6>0

E,6,s)+ / Owy(t,x) - u(t,x)d(t,x) < Ey(d, 19).
A(8;70,8)
and so
E,(6,s) < Ey(6,10) + E0||u||L1(t0,T,;L2(Q)).
Choosing tg sufficiently close to T, this gives the claim. O

Finally, the next proposition shows that the LS-non-concentration effect as proven in
Proposition [3.1] in fact also holds in a-enlarged light cones for a > 0 sufficiently small.
This will then immediately imply the main Theorem [3.7] below.

Proposition 3.6. Let the assumption of Proposition[3.3 hold true for § = 0. Then, for
every € > 0 there exist tg € (0,T°) and 0 < a < 1y sSuch that

[YllLeoLs (A(asto,Te)) < E-

Proof. Let € > 0. We do explicit estimates to demonstrate that there are no implicit
dependencies on the choice of ¢ty along the proof. Via Corollary and Lemma [3.5
choose 79 € (0V T® — rext, T®) such that

191l rs0(a(ose.rey) <€

and
Ey(5; 5) < Ey(5§770) + Ce(T°)C§xc€5,
as well as
[ullir(s,rer2)) < Coge®,

all for all 79 <y < s <T*, and all § > 0, where C, was the constant from Lemma [2.9]
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Let again § be the function from Lemma coinciding with y on A(0;79,T*). We
split the local solution y on [19,T"®) into a homogeneous part y;, and an inhomogeneous

part y; by

(1) = e, (), swwiﬁw@@(uo ) as

ul(s) — y°(s)

Ew,(t) = /T: eAlt=9) (u(s) ng’(S)) o

on [19, T*], we have w; = y; on A(0;79,7T*). Thus, the estimates in Lemma together
with Remark the choice of 79, and (3.3 imply

With w; defined by

IVYillLzerz(a©imo, 7o) + 10e¥illLzerz (aimo, 7)) + 1¥illLsors (a(0sm0,74))

< Nwille(ro.rope) + llwillLos (rg, 7018 (02))
° -5 °
< Ce(T ) (HyHL5(TO,T');L1°(Q) + ||u||L1(T0,T';L2(Q))) <2C. (T )O xt“5

For the local energy of the homogeneous part yp, of y, we find by y; € C([0,T°]; ) and
conservation of energy

1
7/ |Vyh(t7x)|2 dx
2 Jp.p,

< IVyn(t) = Vyn(T*) HLQ(Q)JF/PD IVyn(T*, %) dx L% 0.

x4t

Treating the 0,y;, term in Ey, (0,t) analogously, we thus obtain
lim E,, (0;t) =0.
t}g}. Yn (07 ) 0

On the other hand, the inhomogeneous part was already estimated by
E, (0;t) < 2C, (T*)C5 &5
for all t € [r, T*], hence we can choose ty € [19,T*) to obtain
Ey(0;t) < 2°(Ey, (0;t) + By, (0;t)) < 129C(T*)Coe’

forall t € [to, T*]. The “homogeneous energy” ||, (to)||e +[|y(to)|Ls (o) is an upper bound
for E,(d;to) for every 4, and finite by Lemma Thus, the dominated convergence
theorem, used with respect to 4, yields a = a(tg) > 0 such that

Ey(a;t()) < 130C, (T.)Cextg
and a < Text. We can then finally make use of the choice of 7y done at the beginning of

the proof and its uniformity w.r.t. § to find

[YllLore (Aqasto,rey) < sup  Ey(a;t)
to<t<T*
< Ey(astg) + Ce(T*)C5e” < 1310 (T*)C3 €.
This completes the proof. O
15



Theorem 3.7 (Global existence). For every u € LY(0,T;L%(Q)), the local solution y
to (CWE) as given in Theorem exists globally in time on the interval [0, T] and
satisfies &, € C([0, T];€) and y € L1(0, T; L'3(Q)).

Proof. We had already noted that it is sufficient to show that the local solution y satisfies
y € L*0,7%L%(Q)) since this allows to show that lim; ~7s &,(¢) exists in £ via the
variation of constants formula and the estimates as in Lemma together with the
energy conservation . Now, for this purpose, let xo € Q be fixed. Propositiontells
us that the premise of Proposition [3.3]is satisfied for 6 = 0. From there, Proposition [3.6
implies, again via Proposition that there are tg € (0,7°) and o > 0 such that
y € LIL2(A(astg, T*)).

This can be done for every xo € Q. Then, the collection of sets (PXD%EXO))XOeﬁ

a (relatively) open covering of 2. Compactness of the latter gives a finite set of points

is

x; € Q,i=1,...,n, such that (P,(Dgi(.xi))i:1 _, isstill a (relatively) open covering of

Q. Setting ¢ == max;—1__,to(x;), we find y € L*(¢t§, T*; L1%(Q)), and since we already
knew that y € L _([0,7°); L*2(Q)), this gives y € L*(0,7*; L*2(Q)) as desired. O

loc

4. Optimal control

We recall the setup of the optimal control problem. Let yg € L?(Q2) and nonnegative
scaling parameters -, 81, 82 be given. We had

1 Y
Uy, u) = §Hy(T) — Yalltz) + Z”ynﬁ‘l(O,T;Ll?(Q))
B2
+ Billull 0,152 0)) + ?Hu”%ﬁ(O,T;L%Q))

for y € C([0, T]; L2(Q)) N L4(0, T; L'2(2)) and u € L"(0, T; L?(2)), where r = 1 if 83 =0
and r = 2 if B9 > 0. We consider ¢ as a cost functional or performance index for (CWE|),
resulting in the associated optimal control problem

min  £(y,u)
Yyu

ot U € Ung, (IOCP))
o y is the solution to (CWE)).

Here, U,q is a closed and convex, and thus weakly closed, nonempty set of the form
Uog = {v € L"(0,T;L%(Q)): |v(t)|lL2 () < w(t) faa. t e (O,T)}

for a measurable function w which is nonnegative almost everywhere on (0,T). We
emphasize once more that w is not assumed to be bounded away from 0 uniformly
almost everywhere. Further, of course, the solution y in is meant in the sense of
Theorem [3.7]

We will proceed to establish existence of globally optimal solutions to (OCP)) in the
following. Moreover, we will give necessary optimality conditions of both first and second
order, and also second order sufficient conditions.
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4.1. Existence of globally optimal controls

It now becomes convenient that a solution y associated to u—which we denote by
Y, from now on—in the sense of Theorem [3.7] is a Shatah-Struwe solution as noted in
Lemma

Theorem 4.1 (Existence of optimal controls). Let 32 > 0 or let w € LY(0,T), and let
~v > 0. Then the optimal control problem (OCP|) admits at least one globally optimal pair
(ya, W) with @ € Uyq such that the state yg is the unique global Shatah-Struwe solution

to (CWE) for the right-hand side u.

Proof. Since Uyq # @, and / is bounded from below by zero, we obtain an infimal sequence
(yr, ur) with (ug) C Uaa, such that €(yk,ur) tends to inf,er, l(yu,u) > —o0 as k
goes to infinity, where y, = y,,. Due to the assumptions, the sequence (ux) admits
a subsequence, denoted by the same name, which converges weakly in L"(0, T; L%(Q))
to some limit @. (We will keep the notation for all convergent subsequences in the
following.) Indeed, if 83 > 0, this is true because then the sequence (uy) is bounded in
L2(0,T;L23(2)). If w € LY(0,T), then Uyq is in fact weakly compact in L1(0, T;L2(2)),
cf. [1I0, Cor. 2.6]. Due to weak closedness of Us,q, we also have @ € Uaq.

We turn to (yz): The boundedness of (uy) implies that (§,,) must be bounded in
L*(0,T;&) by the energy bound . This gives a weakly-* convergent subsequence of
(&y,) with the weak-x limit denoted by y € L>°(0,T;&). We need to show that § = yg.

Looking at the definition of a Shatah-Struwe solution

T T T
- / (Bryn(1), Do (1)), At + / (Vor(t), Vo(t)) , dt + / (WA, (1)), dt
0 0 0

.
= /0 (ur(t), o(t)), dt for all ¢ € C°((0,T) x ), (4.1)

we observe that the linear terms are already dealt with. It remains to show that in fact
y € L0, T; L'2(Q)), that &;(0) = &, and that the nonlinear term involving y? converges
to the correct one involving §°.

For the latter, let 5 < p < 6. Then boundedness of (&, ) in L>(0, T; £) and compact-
ness of the embedding H}(Q) < LP(Q) implies that (yi) is in fact a precompact set in
C([0, T]; LP(£2)), see [36, Cor. 4]. Accordingly, there is yet another subsequence of (yy)
denoted by the same name such that (y) tends to g in that space. This further means
that (y}) converges to §° in C([0, T]; LP/>(12)).

The next step is to show that £;(0) = . We already know that (&, ) is bounded
in L*°(0,T;&). Further, and boundedness of (u;) in L*(0,T;L2(£2)) show that
(02yy) is bounded in L*(0, T;H71(Q2)). Using again [36, Cor. 4], we infer that (£,,) is
precompact in C([0, T]; L2(Q2) x H~1(2)) and thus admits a convergent subsequence in
that space, with the same name and the limit y. Thus, in particular,

€0 =&, (0) — &(0) in H7H(Q) x L*(2)

and we obtain £;(0) = &, which by assumption even lies in €.
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We are now prepared to taking limits in (4.1) and obtain that { € L*°(0,T;&)
satisfies £5(0) = &y and

T

T T
- / (Deg(t), Bpp(t)) , dt + / (V(t), Ve(t)), dt + / (7> (t), (1)), dt
0 0 0

= /T (a(t), (), dt for all o € C°((0,T) x Q). (4.2)
0

It only remains to show that § € L*(0, T; L'2(Q2)). From ~ > 0 we infer that (yx) is
also bounded in L*(0, T; L'2(£2)). Hence, there exists a weakly convergent subsequence
with the limit § in L*(0, T; L'2(Q)). This means that we have

/ L (30,0(0)) gt = / "0, 60)
for all ¢ € L(0, T; L%/°(Q)) nL43(0, T; L'2/11(Q))
and thus
g=9 in L=(0,T;L5(Q)) +L*(0, T;L'3(Q)) — L*(0, T; L°(Q)).

But then § = § almost everywhere in (0, T) x Q and in fact § € L*(0, T; L12(Q)).
Since ¢ has now been shown to be a Shatah-Struwe solution to 7 uniqueness
of such solutions as established in Corollary then finally implies that indeed § = yg.
It is now standard to use the convergences (yx) — 7 in C([0, T]; L?(Q)) and (yx) — ¥ in
L4(0,T; L'2(Q)) as well as (uz) — @in L*(0, T; L2(2)) together with lower semicontinuity
of norms in the objective ¢ to infer that
(g,u) = inf £(yy,u).

uEUad
This shows that there indeed exists a globally optimal control to (OCP)). O

From the proof of Theorem [.1| we obtain the following auxiliary result for the case y =
0, so the case where there is no additional L*(0, T; L'2()) norm term in the objective. It
underlines the role of this term in upgrading weak solutions to (unique) mild solutions:

Proposition 4.2. Let 35 > 0 orw € L*(0,T). Then the optimal control problem
admits at least one globally optimal pair (g, w) with G € Uyq such that § is a—possibly non-
unique—weak solution to with right-hand side 4. That means we have £5(0) = &
and &5 € L>([0, T);€), and § satisfies the weak formulation .

4.2. Optimality conditions

Let us set
Yi={y:& € CO.TEE} and Yy = L0, TLE(@)NY
with

lylly = €&llcqome) and  [ylly, = llylly + [lylleo,mL2(0)-
18



As a first step towards optimality conditions, we show that the control-to-state map-
ping u — y, is twice continuously differentiable from L (0, T;L2(Q)) to V.. We recall
the definition of y,, in terms of the variation-of-constants (or Duhamel) formula in
and define the mapping

e: Vi x LY0,T;L*(Q)) — C([0, T];€)

as follows:

0

t
At A(t—s) 0 _
e W] (1) =T +/ ‘ (u(S) - y5(5)> ds—&lt)
By construction it is clear that e(y,,u) = 0 and of course it is our first goal to use
the implicit function theorem to show the following:

Theorem 4.3. The control-to-state operator S: u — vy, is twice continuously differen-
tiable from L1(0, T; L2(Q)) to Y. Its derivative S’ (a)h in @ in direction h € L1 (0, T; L2(Q))
is given by the mild solution zp € Y4 of

022 — Nz +57iz=h in (0,T) x Q,
z=0 on (0,T) x 99,
(2(0),02(0)) = (0,0) in €,

on [0, T], i.e., zp satisfies

&(t) = /0 A= <h(s) - 523(8>z(3)> as

forallt € [0, T]. Its second derivative 8" (@) (hy, h2) in @ in directions hy, ha € LY(0, T; L%(Q))
is given by the mild solution zp, n, € Yy of

07z — Az + 5yaz = —2002 21, 2n, in (0,T) x €,
z=0 on (0,T) x 09,
(2(0),9,2(0)) = (0,0) in €,

on [0, T], where zp, = S"(w)h; fori=1,2, i.e., zn, n, satisfies

_ [ A 0 s
)= | (2oyfz<s>zh1 ()2ha(s) — 5y3<s>z<s>) ‘
for all t €10, T].

Proof. We begin by showing that e is twice continuously differentiable. Clearly, y — &,
is a continuous linear mapping from ) into C([0, T]; ), just as

v [t — /Ot eAlt=s) (UE)S)) ds} (4.3)

is a continuous linear mapping from L!(0, T; L2(Q2)) to C([0, T]; ). It is thus sufficient to
show that y + 1% is twice continuously differentiable considered as a mapping from ).
19



to L1(0,T;L2(Q)). This, however, follows immediately from the interpolation inequal-
ity (2.2)), which implies that

Yy — L0, T;L2(Q)) nL>(0, T; L5(Q)) — L?(0, T; L}°(Q)), (4.4)

together with twice continuous differentiability of the Nemytskii operator induced by the
real function z — x° between L5(0, T; L19(2)) and L1(0, T; L%(Q)), cf. [I8, Thms. 7&9].
Altogether e is twice continuously differentiable.

In order to use the implicit function theorem, it remains to show that ey (y,,u) is
continuously invertible as a linear operator between Y, and C([0,T];E) for every u €
LY(0,T; L%(€2)). From the foregoing considerations and the chain rule, we obtain

szl = [ A0 (L O ) as—e,

Thanks to the open mapping theorem, it will be sufficient to prove that for every F €
C([0, T];€) there is a unique z € Y such that e, (y,,u)z = F. We can again use a fixed
point theorem to show that this is the case: Choose a partition0 =tg <t; < ---<t, =T
such that

1 )
5(Cje(-l—) + CS(T))CEm||yu||i4(ti’ti+l;L12(Q)) < 5 for all 1 = 0, e, = 17

where Cep, is the embedding constant of Hy(Q) < L(Q); for the constants Cy, C., see
Lemma Let Y(ti,ti+1) and Yy (¢;,¢;+1) be the spaces Y and Yy on the interval
[ti,tiv1], mutatis mutandis. Let further &' € € for i = 0,...,n — 1 be given and consider
the mappings 7;: V(t;, tiv1) — V(ti, tir1) defined by T;h = z such that

£.(t) = eAttgt /t

ti

A(t—s) 0 B o
‘ (5y3(s)h(s)) ds — F(t) forte [t;,titq].
Then, by the estimates (2.7) and (2.8)), semigroup properties and Holder’s inequality,

| Toh1 — Tihe

HJ@(tithl)
< 5(Ce(T) + CS(T))Cern”yuHﬁ‘l(ti,tHl;Ll?(Q))th - h2”c([ti7ti+1];H[1)(Q))'

The choice of the partition (¢;) and Banach’s fixed point theorem tell us that every
mapping 7; possesses a unique fixed point z; € Yy (t;,t;11), still depending on &%, If we
iteratively choose £ = 0 and &' = 2z;_1(t;) for i = 1,...,n — 1 and glue together the
resulting functions z; to a function z € Y, then we obtain

t eAlt—3) 0 s = — or a
& (t) +/0 <5y3(s)z(s)) d F(t) foralltel0,T], (4.5)

ie., z € Yy satisfies ey (yy,u)z = F. Thus, ey (y,,u) "' € L(C([0,T];E); V4).
Finally, the expression for the derivative §’'(@) comes from the well known formula
S'(a)h = —ey(S(u), ) e, (S(w), u)h,
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the observation that e, (S(@), @) is given exactly by (4.3)), and plugging this into (4.5)
for F. For the second derivative 8”(u), we take another derivative in the foregoing
expression and use

[eyy(yu,u)(,thz)} (t) = _/0 A (QOyf’L(S)Z(i(s)Zz(S)) ds.

This gives the claim. O

As usual, the control-to-state operator S allows us to define the reduced problem
which we consider from now on:

min £, (u), (ROCP)

UEUq

where we set £,.(u) = £(y,,u). We decompose the objective function ¢, further into
Cr(u) = F(u) + frj(u) (4.6)
with

1 ol B2
F(u) = §|\yu(T) — yallf2(q) + Z||yu||i4(o,T;L12(Q)) + 7HU||%2(0,T;L2(Q))7

which is smooth as we see below, and the non-differentiable part

j(u) = flullLromiL2(0)-

For the following derivation of necessary and sufficient optimality conditions, we use
several ideas and results from [5]. The main difference between this work and the present
one is that the constraints on u in [5] are classical box constraints.

We first quote the following result; it is a characterization of the subdifferential Jj
and a formula for the directional derivative of j:

Proposition 4.4 ([5, Prop. 3.8]). Let u € Uyq and X € L>(0,T;L3(Q)). Then the
following equivalence holds true:

At) = m if lu®)llLz@) # 0,

A€ dju) <= faa te[0,T]: ‘
N lez) €1 if Ju(t)||rz) = 0.
Moreover, the directional derivative of j in u € LI(O,T;LQ(Q)) exists in every direction

v € LY0, T;L2(Q)) and is given by

J( > )/[|u|L2(ﬂ)—O] ” (t)HL2(Q) dt+/[||u|L2(gz)7éO] ||u(t)||L2(Q) dt.

We next establish that F' is twice continuously differentiable. For a concise form of
its derivatives, it will be useful to define the adjoint state:

21



Definition 4.5 (Adjoint state). Given @ € Uy,q, we denote by p the adjoint state defined
by
p=8"(@)" (03 (ya(T) — ya) + 1¥a) € L(0, T;L*(92)).

Here 15 € L*/3(0, T; L'?/11(Q)) is given by

a(t) = llya(Ollgi ) lya(®)] ya(t) (4.7)
and &% is the adjoint operator of the (continuous linear) point evaluation ot from C([0, T]; L?(12))
to L2(Q).

The function ¢ is the L?-gradient of (y) := [|yll{s o 1.112(0) It Ya, that is,

U (yg)h = /()T(z/;u(t), h(t)),dt for all h e L*(0, T; L'*(Q2)). (4.8)

This is shown in Corollary [A-4] in the appendix. This corollary is also important in the
next and final result for this preparationary subsection:

Lemma 4.6. The first summand F of the reduced objective function £, as in (4.6) is
twice continuously differentiable from L"(0, T;L2(Q)) to R. Its derivatives in @ are given

by .
Py = /O (B(t) + Boia(t), (t)),, dt

and

]
P (@0 = (o = [ (000 20080):30)) g
+ 7V (ya)z) + ﬁz||vHi2(o7T;L2(Q))

for all v € L7 (0, T; L2(Q)), where p is the adjoint state and z, = S'(ii)v.
Moreover, the quadratic form v~ F"(u)v? is weakly lower semicontinuous.

We recall that » = 1 if o = 0 and r = 2 otherwise.

Proof of Lemma[4.6 Corollary in the appendix shows that ¥ is twice continuously
differentiable on the whole L*(0, T; L'?(Q)), with the first derivative as in ({.8). The
remaining differentiability assertions for F' and the formula for F” (@) are derived by
routine calculations.

The remainder of this proof is devoted to verifying the weak lower semicontinuity of
the quadratic form induced by F”(@). Let vy — v in L"(0, T;L%(Q)). It is clear that
the quadratic L2(0, T; L2(Q2)) norm term in F”(u)v? is weakly lower semicontinuous in
v. We show that the remaining terms are even weakly continuous as functions in v.
From vy — v in L7(0, T; L2(Q)) it follows that z; = S'(@)vy — 2z, = S'(@W)v in Y4 by
Theorem This implies that, cf. ,

lzkllLs o, 10 S llzelly S 1. (4.9)
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By the compact embedding YV, < C([0,T};L%(Q2)) as derived from [36, Cor. 4]), we
further have zp — z, in C([0, T|;L2(Q2)). Hence, 2(t) — 2,(¢) in L%(Q) for every
t € [0, T], and in particular ||zk(T)||iz(Q) — ||zv(T)H1242(52 as k — oo. Moreover, there is a

subsequence (zg,) of (z;) such that 27, converges to z; pointwise almost everywhere on
(0,T) x Q. Holder’s inequality yields

/ / 1B(t, %) 52 (£, %) 22, (t,%)| dxdt
E: JE

3 2
< HpHLw(O,T;LQ(SZ))HyﬁHLE’(Et;Llo(EX))HZ’WHLL"(O,T;LN(Q))

for every measurable subset E; x Ey of (0,T) x €. Due to (£9), the integral on the
left-hand side thus goes to zero uniformly in ¢ as |E; x FEyx| — 0. We infer that the
functions (ﬁygzzz) are uniformly integrable and the Vitali convergence theorem ([12]
Thm. IT1.3.6.6]) implies that

T ‘ T
- / (B(1), 203 (0)22, (1)) o At 225 - / (5(1), 2042 (1) 22(1)) , dt.

A subsequence-subsequence argument shows that this convergence in fact holds true for
the whole sequence (zy).

We next turn to the sequence (¥”(yz)z2) which is the last term in F”(i)v?. According
to Corollary with p =4 and ¢ = 12, we have

]
V()22 = 11 / lya ()15 0 (D", 22(0) o

T 2
-8 / lya (1720, (lya (D) (8), 2(0) 2 dt. (4.10)

The limit for the first term

T T
tim [ (Ol (a1, 2E(0) g ot = / lya ()]l 25 e (19 ()1, 22(0)) o dt

k—o0

can be proven analogously to the above with Holder’s inequality and the Vitali theorem
due to boundedness of (zx) in V4. For the second term in , we first show that
(lya(®)*ya(t), zk(t)), converges towards (|ya(t)|"*ya(t), zy(t)),, pointwise a.e. on [0, T]
as k — oo. Then convergence of the overall integral follows from Holder’s inequality

— 2
[ a0y () i 6), 20
< NyaOlEa e,z @ 12O 0,7012(0)

for every measurable subset E; C (0, T) and yet another application of the Vitali theorem,
using boundedness of (zj) in Y.

Pointwise convergence of ((|ya(t)|"*ya(t), z(t)),,) can be obtained as follows: We had
seen that zy(t) — 2,(¢) in L2(Q) for every ¢ € [0, T]. Thus for every such ¢ there exists
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a subsequence (zi,, (t)) such that z, (t) — 2,(t) almost everywhere on Q. Moreover, we
estimate for every measurable subset E, C Q)

11 11 11
[ O o (015 < a1 o (oo S Ol

x

since (zg,,) is bounded in YV, < C([0,T};L5(Q2)). The general form of the Strichartz
estimates as in [2] shows that in fact yz € L5 (0, T;L% (€)). Since ¢t was fixed,
the foregoing expression thus goes to zero uniformly in m as |Ey| goes to zero. Hence,
again the Vitali convergence theorem together with a subsequence-subsequence argument
shows that

k—o0
[ e sz dx 2= [ o) a0z 0 dx.
Q Q
This finally implies that overall ¥ (yz)z2 — " (yz)z2 and finishes the proof. O

4.2.1. First-order necessary conditions
The tangent cone to U,q in a point u € U,q is

T(u) = {v € L"(0,T;L%(Q)): (v(t),u(t))Q < 0if flu(t)||r2 (o) = w(t) >0,
o(t) = 0 if [[u(t) 20 = w(t) = 0}.

We use it to state the basic first-order necessary optimality condition for (ROCP)) in a
concise form. We refer to [3, Thm. 3.1] for the routine proof.

Theorem 4.7 (First-order necessary optimality condition). Let 4 € Uaq be a locally
optimal solution of (ROCP)). Then there exists A € 0j(u) C L°°(0, T; L%(Q2)) such that

.
/0 (p(t) + BrA(t) + Boti(t), v(t)),dt > 0 for all v € T (). (4.11)

Note that since j is Lipschitz continuous and convex, A € dj(@) and (4.11)) imply that
(cf. [B} Lem. 4.2])
F'(a)v + B1j'(a;v) >0 for all v € T (). (4.12)

We henceforth always consider a fixed locally optimal control @ € U,q and the opti-
mality condition (4.11)) as given. Let us further subdivide (0, T) into active and inactive
regions w.r.t. the constraint in (ROCP)|) by defining the following sets:

T = [alize) <w], At = [l =w>0], A= [w=0].

We first show that the integrated optimality condition (4.11)) is equivalent to the pointwise
one.

Corollary 4.8. Condition (4.11]) is equivalent to
(p(t) + BLA(t) + Bou(t), v(t)), = 0 for almost all t € (0,T) (4.13)
for allv € T(@). It moreover follows that

p(t) + BiA(t) + Bati(t) =0  for almost all t € T. (4.14)
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Proof. Tt is obvious that (4.13) implies (4.11). For the other way around, it suffices to
observe that if v € T (@), then also xyv € T (u) for every measurable set N C (0, T), so
one can do the usual proof by contradiction. Quite similarly, (4.14]) follows from inserting

+x7L7(0, T;L2()) C T (a) into (&.13). O

The next result is then an observation regarding sparsity and regularity of an optimal
control @, as well as uniqueness of the subgradient A\. The proof is analogous to the one

in [5, Cor. 3.9] using (4.13)) and (4.14)).
Corollary 4.9. The following properties hold true:

o If B2 > 0: We have u € L*°(0, T; L%(Q)) and thus w € L>®°(AL). Moreover, for almost
allt € Z, the following equivalence holds true:

[a)ll2@) =0 <= [Ip(®)llL2) < B
e If Bo =0: For almost all t € T, we have the implications
POz <B1 = Nu®)llz@ =0 = [p(t)lr2@) < br-
In both cases, A € L>(0, T; L2(Q)) satisfies

a(t) ol
S Tl Y llu®)ll @) #0,
A(t) = 152 o “ faa te A UL

—5p(t) if [at)llLe @) =0
It is thus unique on Ay UZ.

Using Corollaries[4.8|and [£.9] we can show that a unique bounded Lagrange multiplier
associated to U,q and the locally optimal control u exists. We use the convention that
0
s =0.

0

Definition 4.10 (Lagrange multiplier). We say that a measurable function i: AL UZ —
[0, 00) is a Lagrange multiplier associated to Uaq if fi(t)([|u(t)|12(0) —w(t)) = 0 for almost
all t € Ay UZT is satisfied (complementarity), and the gradient equation
_ u(t
D(t) + BLA(t) + Bau(t) + ﬂ(t)L =0 foralmostallte AL UZ (4.15)
a(®)llrz (o)

holds true.

Lemma 4.11. There exists a unique Lagrange multiplier i € L (A4 UZ) associated to
Ugg.

Proof. We set, of course, necessarily fi(t) = 0 for ¢ € Z. Then the complementarity
condition and on Z are already satisfied, the latter due to (4.14)).

The next step is to show that there exists a Lagrange multiplier i € L!(A, ) associated
t0 Uaq. This i is then necessarily already an element of L>°( A4 ) and moreover unique,
which we see as follows: From taking L2(£2) norms in for t € AL it follows that

Hp(t) + B1A(t) + Bgﬂ(t)HLQ(Q) =p(t) for almost all t € A,.
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The left-hand side is an L (A4 ) function in ¢ and unique due to Corollary

It thus remains to show that the L!(A, ) Lagrange multiplier exists in the first place.
Suppose the contrary, i.e., that p + S\ + foti # —u||ﬂ\|£21(mﬂ in L1(A,;L%(Q)) for
all p € LY(Ay) with 4 > 0 a.e.. Then the Hahn-Banach theorem yields a function
¢ € L>°(A;) such that

/ (o(t), —u(t)u(t))
A [[(t) L2 ()

Qdt <0< /A (0(t), p(t) + Bi1A(t) + Baui(t)), dt.

From the first inequality it follows that —x .4, ¢ € T (4) (proof by contradiction) which
however is incompatible with the second one by the first order necessary condition .
Hence, there exists the searched-for i € L' (A, ) satisfying fi > 0 and on A, . This
finishes the proof O

Henceforth, i will denote the unique Lagrange multiplier associated to U,q for the
locally optimal control .

4.2.2. Second order necessary conditions
We define the critical cone C () associated to Uag in a locally optimal control @ to
consist of tangential directions along which the directional derivative of ¢, vanishes, so

C(u) = {v € T(a): F'(u)v + Bj'(u;v) = O}.

Due to Lipschitz continuity of j, it is straightforward to show that C(@) is a closed
convex cone in L™(0, T; L2(Q)).

A formal computation shows that the second derivatives of j in u in directions (v, v)
should be given by

R u,,UQ . U —1 v 2 _ (u(t)’v(t))ﬂ ’
J ( ) )_ /[|u|L2(Q);£O] || (t)HL2(Q) H (t)||L2(Q) <|U(t)”L2(Q) dta

where we consider the whole expression as 0 if u = 0. Clearly, this expression is always
nonnegative, but there may be directions v € L"(0, T;L?(£2)) for which j”(u;v?) = oo.
In this sense, j”(u;-) should not be seen as a traditional derivative of j’ at u. We still
set £/ (u;v?) == F"(u)v? + B1j" (u;v?) which is, any way, a useful object, as the following
second order necessary conditions shows. Its proof will occupy the rest of this subsection:

Theorem 4.12 (Second order necessary conditions). Assume that w € L(0,T). Let
U € Uyq be a locally optimal solution to (ROCP)) and let i € L (AL UT) be the associated
Lagrange multiplier. Then there holds

S S N CORID A
ET(U»U)+/A EONat) 20y [IOE2) — Ta® e dt >0

for allv € C(a).
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The expression in Theorem corresponds to 92 L(i, fi; v?) > 0 with the Lagrangian

-
L, ) = () + / () (u(t) 120y — w(®)) dt,

where in the theorem we have already inserted i = 0 a.e. on Z. Both j”(u;v?) and the
explicit integral in the substitute for the second derivative of the Lagrange penalty term
in Theorem may be infinite. We emphasize once more that we do not require w to
be bounded away from zero. In the case 4 = 0, the condition in Theorem collapses
to F”(0)v? > 0 for all v € C(0).

Remark 4.13. It is also possible to obtain an analogous result for the Lagrangian with
a quadratic penalty term

]
Lo 1) = 6 (u) + / () ()2 ) — w(t)?) dt.

Then the necessary condition in Theorem [£.12] becomes

v(t 22
f;’(ﬂg;v2)+/ N Ol Q)

— dt >0
Al 4(t)[IL2 ()

with the same multiplier fi as before. The integral in the foregoing expression may also
be infinite. The proof works nearly exactly as the one for Theorem presented below.

We next prepare for the proof of Theorem with some auxiliary results. From [5]
Prop. 4.1/Lem. 4.2] together with the pointwise first-order necessary condition (4.13]) and
the Lagrange gradient equation (4.15)) we obtain the first lemma for critical directions:

Lemma 4.14. For allv € C(a), there holds

.
j'(a;v) = /0 (A(t),v(t)) g, dt

and thus
N (G Re )
0= (70) + 5130 + Bai0). (1) = (1)
for almost allt € A, UT.

Equation also shows that if ¢ € Ay and (a(t),v(t))q < 0 for some v € C(a),
then () = 0 follows.

In the proof of Theorem we will need properties of £/ (@;w) with directions w
which are possibly not in the critical cone, but derived from some v € C(@). The next
lemma gives the required results.

(4.16)

Lemma 4.15. Let v € C(u) be given and let w € L"(0, T;L2(2)) be another function
such that for almost all t € [||t|| 2(q) = 0], w(t) is either v(t) or zero. Then

Fl(@)w + Brj (a3 w) = — /,4+ 2 ”W o

Further, there holds xpC (@) C C(u) for any measurable set M C (0, T).
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Proof. Let v € C(u). Arguing as for [5, (4.12)], we obtain that

At) = & a.a U||L2 = V||L2

Now let w(t) be either v(t) or zero for almost all ¢ € [[|@]|2(q) = 0]. Then

(v(®),w() g, = llv(®)llL2 (@) [w(®) L2y faa. t € [[|ullLz) = 0].

Using this together with (4.17)), we find

/ (A(t), w(t)),, At = / eo(t) 20
[l12llL2 0)=0] (llEllL2 )=0]

and thus, with (4.14) and (4.15),

T
UllL2()=

+ At),w(t)),, dt
1/[Iu|L2(Q>#0]( ®:v(®)q

= /A (P(t) + BLA(t) + Bau(t), w(t)), dt
_ [ @ w®)y
= O R )

(See Proposition [4.4] for the derivative formula for j'(@;w).) This was the first claim.

Let now w = xpv for some measurable set M C (0,T). Then (4.18) holds true.
Moreover, ﬂ(t)Ha(t)||£21(Q)(a(t),w(t))g = 0 for almost all t € Ay by (4.17) which again

in (4.18) shows that F'(@)w + f1j' (4;w) = 0, so w € C(a). O

We further want to use second-order Taylor approximations for j. These are not
immediate since we have already seen that the substitute for the second order derivative
j”(;v?) may be infinite for some directions v.

Consider Yy(f) := ||fHL2(Q). We have
_ _ 2
5 (R = (1 Fl| o) 12T @) — Il (s h)g

for f,h € L2(Q) with f # 0, cf. the appendix, and we will also need

- - 3
TY = 31615y (171210 (- )5y = NI (£ 1))
now; this is obtained by the chain rule since T4 is composed of continuously differentiable

functions away from zero.

Lemma 4.16. Let M C (0, T) be a measurable set.
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1. Let f,h € LY(M;L*()). Then

[ (a0 + 1) = atse) @t > [ (om0

o for almost all t € M. Then h — [, n(t))Y5(f(t)h(t)*dt defines a continuous
quadratic form on L2(M;L2%(Q)). If n > 0 a.e. on M, then the quadratic form is
convex.

3. Consider further h € L3(M;L%(Q)). If for all functions 0: M — [0,1] there is ag > 0
such that || f(t) + 0(t)h(t)||r2(q) > ag for almost all t € M, then we have the Taylor
expansion

2. Let moreovern € L°°(M). Suppose that there is a number a > 0 such that || f(t)||r2() >

[ n® (a0 + 1e) = 1a(7(0))
- /M a(6) (TH(FO)RE) + S TEFO)R0?) dt + O(IhlEs arzqe) - (419)

Proof. 1. We consider the Taylor expansion for Ya(f(¢) + h(t)) for almost every t € M,
with a function 9: M — [0, 1]:

Yo (f(t) + h(t)) — Y2 (f(2) = To(f(¢))h(t) + %T’Q’(f(t) +I(t)h(t))h(t)>.

Since Y4 (g)w? > 0 for all g,w € L?(Q), the claim follows from inserting this in the
foregoing inequality and integrating over M. The integrals are finite due to f,h €
LY(M;L3(%)).

2. Under the assumptions on f, we find

[ Interessenn?] ae < 207 e [ [0
M M

This implies the continuity assertion. Moreover, a quadratic form is convex if and only
if it is nonnegative, and the latter is ensured by n > 0 a.e. on M.

3. For the Taylor expansion for the integrated Y5, we again have from Taylor expansion
for To(f(t) + h(t)) for almost every ¢ € M, with a function 9: M — [0, 1]:

Yo (f(1) +h(t) — T2(f (1))
= YL (FO)h() + S TEOIR? + ST (F(2) + (00 (1)
If || f(t) + ﬂ(t)h(t)HLQ(Q) > ay > 0 for almost all t € M, then

/M\nu)rg’(f(t) +9(E)h(E) h()? dt

< 6y % [InllLoe () /MHh(t)Hiz(Q) dt € O(”hH%ﬁ*(M;L?(Q)))'

The claim thus follows from multiplying the Taylor expansion for YTo(f(t) + h(t)) by n(t)
and integrating over M. O
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We next give the proof of Theorem [£.12] The principal idea is to approximate the
critical direction v € C'(@) in multiple stages.

Proof of Theorem[4.12 Let v € C(u). The proof is achieved as follows: We first suppose
that v € L>°(0, T; L?(2)) and that

v(t)|?
/ Ww < 0Q. (420)
[l2lly,2 0y #0] @)Lz

Since a multiple of this integral is an upper bound for j”(u;v?), implies that
j”(1;v?) is finite. We then construct two-staged approximations wu, ) of @ such that
Uy — u uniformly as p N\, 0, as well as u, 1 € Uaq for p > 0 small enough and k
fixed. Another property we need later is that [|u,x(t)|lL20) = w(t) for t € A, with
(a(t),v(t))o = 0. Since such constructed w,y is feasible and close to @ for p > 0
sufficiently small, we then make the ansatz 0 < L(u, k, i) — L(u, i) and pass to the limit
in p and k in the second order Taylor expansions there which gives the claim. For this, we
need and establish that the derivative vy = lim,~ 0 p~*(u,  —@) exists in L>(0, T; L*(2))
and satisfies vy — v in L7(0, T;L%(Q)) as k — oco. Finally, we remove the assumptions
on v above.

Step 1: Construction of u, . Let ay,wy be arbitrary positive sequences converging
monotonically to zero. We define

Ny = {t S (O,T): 0< ||ﬂ(t)||L2(Q) < ap or (1 — ak)w(t) < ||’B(t)||L2(Q) < w(t)
or 0<w(t)<wg or w(t)> w;l}.

Note that Ay C N and |Ng \ Ag| — 0 as k — oo. For t ¢ Nj, we moreover have
wi, < w(t) <w, ' Set

a(t) if t € N,
w, (1) = (1 —wf(p))u(t) + pv(t) ift € Ap NNg and (u(t),v(t))o =0,
P (1 — pag)u(t) + pv(t) ift € AL NN¢ and (u(t),v(t))a <0,
a(t) + pv(t) elsewhere,

with

P2lv()]I3 -
k o Q) 1 -1
wilp)=1- \/1 T o Where ol < 3wrllvlip o120

The function wf is chosen exactly such that |ju,(t)|L2(0) = w(t) for t € AL N Nf with
(a(t),v(t))a =0.
We have u, ; € Uy,q for k fixed and p sufficiently small as we observe as follows:

o if t € Ni, then w, x(t) = @(t) which is feasible,

o if t ¢ Ny and [|u(t)|r2(0) < (1 — ax)w(t), then for p < akwk||v|\golo(07T;L2(Q)):

Hup,k(t)HLz(Q) = H’[L(t) + pv(t)HLZ(Q) < (1 - O‘k)w(t) + pHU(t)||L2(Q) < W(t)’
30



o ift € AL NNE and (u(t),v(t))o = 0, then |lu,k(t)||r2) = w(t),
o if t € Ay N NE and (u(t),v(t))q < 0, then
2 2
Jtpi ) Pagy <@ = (1= pan)w(t)? + 22 o(0) ey < ()
= (=205 + poai)w(t)® + pllu(B)]I3 <0
and the latter is satisfied uniformly in ¢ for this case if

Qakwk

T 2wp? + vl o,z@)

Step 2: Limits as p \, 0 and k — oco. It is clear that u, x(t) — u(t) in L?(2) as p \, 0
for almost every t € (0, T). We show that this convergence is in fact uniform. First, note
that due to ||a(t)||r2(q) = w(t) < w, ' on AL NNE, we have @ € L= (A, N NE;L3(Q)). It
follows that w,, == u,r — 4 € L>(0, T; L?(Q)). For t € Ay N Ng, we have

PEICTE 2[0)2 e
0<ub(p) <1 \/1 A2l O.rL@) [vll7, OTL(@) (4.21)
Wk Wk
so wk(p) tends to zero uniformly in t € A, N N as p \, 0 and hence
pr,kHLoo(o,T;w(Q)) = ||upr — 71HLoo(o,T;m(Q)) € O(p). (4.22)
Next, set
0 ifte N,
vR(t) == S v(t) — aga(t) if t € Ay N NE and (a(t),v(t))o <0,
u(t) elsewhere.
Then
vp = v inL7(0,T;L%(Q)) as k — oo. (4.23)

Further, w¥(-) is continuously differentiable with (wF)’(0) = 0 = w¥(0). Thus

vg(t) = ;i{% p~tw, (t) for almost every t € (0, T).

We again show that this convergence is uniform. In fact, for ¢t € AL N Ng, we have
wt (p) = wi (0) + (wr)' (0)p + wy (p) and, via [{.21)),
wi(p) =wi(0) _ wilp) _ plloll=(omiL2()

p P~ wi
Hence the difference quotients for (wf)'(0) = lim,~ 0 p~ (wF(p) — wF(0)) converge uni-
formly in t € A4 N Ni. We obtain that

vg = lim p~tw, ;. in L°(0, T; L*(Q)). (4.24)
PO

0<

Step 3: Core of the proof. We first check that, for t € A4,

) (Il 4 (8) 20 = 180 [2() = 0.

This is true because of the following:
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o for t € AL N Ny, we have u, ,(t) = u(t),

o for t € Ay N N with (u(t),v(t))a = 0, we have |lu,x(t)|lL2) = [[U(t)|lL2@) by
construction,

e and for t € Ay NN with (u(¢),v(t))o < 0 we had already seen that fi(t) = 0 follows

from (4.16).

For p small enough and fixed k, we have u, € Ua.q and £,(2) < ¢,(u, i) due to local
optimality of @ and (4.22]). We thus make the ansatz

0 Sfr(up,k)—&(ﬂH/ 1) (lp e (D llz ) — () L2y dt. (4.25)

Ay

We want to employ Taylor expansions for ¢, = F' + (1] and the multiplier term. The
direction will be w,, 1, := u,  — 4. For F', this is easily done since F' is twice continuously
differentiable on L"(0, T;L?(2)) by Lemma but the nonsmooth terms require some
justification in order to use Lemma For both the reference point is @. Consider

H(up) — (@) = / e (8l ey
(]2 1y =0]

+ / (g (D)l — 188 12(0y) . (4.26)
(18l 52 ) #0]

We focus on the second integral. By construction, u, x(t) = u(t) if t € [0 < ||a|r2q) <
ayi]. Hence

[ (lpn®lie ~ [a0)lee) a
[l1ally2 oy #0]

-/ (Dl — 10 s o)
[HEHL2(Q)ZO‘I€]

Let ¢ € [||a|lL2q) > ax] and let 6, x(t) € [0,1]. Then, for p sufficiently small we estimate

[0, () + Op 1 (wp e (V)]] 2y = 18D IL20) = Op e (D)1 () 20
ay
2 ap = [wpr(®)lLz) 2 <

since we had [[w, k||Le(0,1;1.2()) € O(p), cf. (4.22). Thus the prerequisites for the Taylor
expansion in Lemma are satisfied and we obtain, using (4.22)),

[ sl - lilp@yar= [ GO,
HI“"LQ(Q)#O]

llallz 20 1@ L2 @

2

1 / - -1 2 (ﬂ(t) wP»k(t))Q 3

+35 u(t)|ly,2 Woklt)||12on — | 7= dt+ O .
D) 2y 0] la(®)ll, () || pok( )HL Q) < @)Lz (0 (P )
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Re-inserting into (4.26)), we finally get
up ) — (@) = j' (5 wp k) + " (@ w? 4) + O(p°).
For the multiplier term, we argue analogously (thereby using u € L= (A ) for Lemma/4.16))

to show that
i i o ),
[ OOy —la)e) e = [0 e o a

2
2 u(t), wpy k(T
+;/A+ BN Ty |1 O]y — <W> a4 0().

We thus obtain from the ansatz (4.25)), with some function 9, : (0,T) — [0,1]:

0 < Fl(@)wp,k + Buj' (@;wp, k) _1-/ ﬂ(t)w dt

PO @ e
1 g1
+5 (F” (1 + Ippwp )Wy, + Brj” (@ wi,k))

+;/A+ A0 gy |1wpr @] a0 — (W) at +0(s").

But for ¢ € [||t]|r2(q) = 0], wyk(t) equals either v(t) or 0, hence we have seen in (4.18))

that ( O ))
u(t), wy k(t
F'(@)(wpr) + Buf (@3 wpr) = _/ ﬂ(t)# dt.
Ay [a(t)]L2(e
Inserting in the foregoing inequality and dividing by p?/2, we find
0 < F"(t+ Vp pwp,)vp i + Bri” (30 1)

+[;MMMM”®|MMMM® <|Hﬂmm)> o)

where we have set v, ,(t) :== p~lw, x(t).
We let p N\, 0. Recall that lim,\ 0w, ; = 0and lim,« 0 v, = vy, both in L°>°(0, T; L2(£2))
by (4.24) and (4.23)). It is thus immediate from Lemma that
F"(+ 9y pwpr)va e — F"(W)vy  as p \,0.

For the two other terms, we use again that if ¢ € [0 < ||@||2(q) < ax], then by construc-
tion v, x(t) = 0 = vk(t). Hence it suffices to consider the integrals on [[|u[|r2(q) > au].
Lemma “ shows that the substitutes for the second derivative induce continuous
quadratic forms on L2([||tlliz2) > arl; L2(Q)) and L2([||a]li2) > o) N AL L2(Q)),
respectively. Using lim,\ o v, r = vg, we thus obtain

0 < F"(a)vi + Brj" (a;v?)

2
u(t), vg(t
+[¥mwmwamnw@@®—<%”k”%> dr. (4.27)

a(t)|lL2(o)
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We next pass to the limit in as k — 00, so vy — v. Now the preliminary
assumption from becomes important Since v, — v in L7(0, T; L2(Q)), we know
that the integrand & (t) in j”(;v3) fo &,(t) converges to the integrand in j”(u;v?)
pointwise almost everywhere on (0, T). It is moreover nonnegative and bounded by

ok () 1720
E(8) < Xl 2 0y 0 (D) T

[%(t) L2 ()
2
< X[a o (t) (lo®) Lz @) + Xi@) w)a<onalt) - w(?))
< X[l 2 g, 7#0) a2 o)
lo(O)]1F2q)
< 21z D 7= +w() |-
XTIl ”LQ(SZ);éO]( ) <||u(t)L2(Q) ( )

By , the right-hand side is integrable over (0, T). Thus we can use the dominated
convergence theorem to infer that j”(ﬁ;v,%) — j"(u;v?) as k — co. We again argue
analogously for the multiplier term in . Since F”(’) is a continuous bilinear form
on L"(0,T;L2(£2)), we also have F”(u )v — F”( Jv? as k — oo. Overall we obtain

0 < F"(a)v? + B1j" (u;v?)
[ IO ey O - (
Ay

for all v € C(@) NL>(0, T; L%(2)) satisfying ([4.20).

Step 4: Removing the additional assumptions. To finally remove the assumptions on
v € C(u), we do another approximation. Let v € C(@) and let vy be a positive sequence
converging monotonically to zero. Define

Ne = {t € [alleo # 0]: 0@l > v min(la®lle o), 1) |
and set vy == xngv. Then for every ¢, we have v, € L>°(0, T; L?(Q2)) and
ve(t)||? v(t)]?
/ Toet®lica(oy ,( iz o) dt =/ 7“7( iz o) dt < *1/ [o(t)[l12 (@) dt < oo.
llallyz o 20 120 L2 @) ne [[a(®)|lrz(o) Ne
Moreover, by Lemma vg € C(@), so by the above

0 < F"(w)vf + Buj" (; v7)

o , (a(t), o)\~
+ /A A0 ||w<t>||L2<m—<W2) ar.

We have v, — v in L"(0, T; L?(Q2)) as £ — oo due to |N¢| — 0. So F”(u)v — F"(u)v?
as { — oco. Set moreover

- at), ve(®), |
&olt) = xvg () - eIl |w<t>|iz(m<w> dt.
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Then 0 < &(t) < &pa(t) for every ¢t € (0,T) due to Nyp1 € Ny Thus, the monotone
convergence theorem yields

T T
tim ' (aif) = Jim [ 6= [ Jim et = "(a ).
{— 00 L—o0 Jo g {¢—o0
Again, we argue analogously for the multiplier term and finally obtain

0 < F"(a)v? + By (a;v?)

-i—/A+ ﬁ(t)Hﬂ(t)Hle(Q) Hv(t)“iz(ﬂ) - (

for all v € C(u). This was the claim. O

(a<t>,v<t>)g>2 N

@)Lz

4.2.8. Second order sufficient conditions

We finally prove no-gap second order sufficient conditions for for strong local
solutions, i.e., in the L°°(0, T;L?(Q))-sense. The proof is fairly standard, but we again
have to circumvent the possible singularity of the substitute for the second derivative
j"(u;v?). We assume 35 > 0 to enforce coercivity of the problem. The case B2 = 0 is an
open problem.

Theorem 4.17 (Second order sufficient conditions). Let So > 0. Assume that t € Uyg
satisfies
2 (w;v?) >0 for allv € C(a) \ {0}. (4.28)

Then @ is a strong local minimum, that is, there are €,6 > 0 such that

.0 2
r(u) + 2 ||u o UHLQ(O,T;LQ(Q)) < 6w

for all uw € Uyq with Hu —u

| e o a0y < (4:29)

Proof. Suppose not. Then there are positive nonincreasing sequences ay,nr \, 0 and
feasible controls (ug) C Uaq such that

<ap and Lp(up) < lo(@)+ U

2
B [Jur — UHL2(O,T;L2(Q))’ (4.30)

[Jur — ﬂHLoo(o,T;Lz(Q))

We set pr = |lur — @ll2(0,1;02(0)) > 0 and vy = p,zl(uk — ﬂ). Then clearly pr N\, 0.
Since vy, is normalized in L2(0, T;L?(Q2)), we have vy — v € L2(0,T;L%(£2)), possibly
after going over to a subsequence. The rest of the proof will consist of showing that
v = 0 which then will lead to a contradiction with S > 0. In order to show v = 0, we
establish that v € C(a) and ¢/ (@;v?) < 0 and then conclude from ([4.28).

Step 1: v € C’(’). We first show that v € T(@). Since uy € Uaq for each k, we have
|| ug (¢ )||L2(Q w(t)? = ||11(t)|@2(9) for almost all ¢ € A. Hence (ug(t) — u(t), (t))Q <0
for t € Ay and ug(t) = u(t) = 0 for t € Ag. This implies vy € T (u) and thus v € T (),
since T (1) is weakly closed in L2(0, T; L2(2)).
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It remains to show that F'(@)v+ 1) (4;v) = 0. We argue as in [5, Proof of Thm. 5.12].
The function j is Lipschitz continuous and convex, thus
(@) < lim ing 20%) =3
k—o0 Pk

This inequality and (4.30) then show that
Fl(a)v + Baf (s v) < lim inf (%) = &(@)
k—o0 Dk

£ PkNk

= limin =0.

< liminf
k—o0

oo s
k—o0 2Pk L2(0,T;L2(Q2))

From the reverse inequality from the first order necessary optimality condition we
infer v € C(a).

Step 2: ¢(u;v?) < 0: We again define approximations to v and v, to cope with the
possible unboundedness of j”(u;v?). Let k, > 0 be a nonincreasing sequence converging
to zero. Set

v (t) . 0 ifte [0 < ”aHL?(Q) < Iig],
WO vg(t) elsewhere

and vy analogously. Then vy, — v, for £ fixed and £ — oo, and vy — v if £ — 00, both
in L2(0, T; L2()). We find for almost all t € (0, T)

K
Hﬁ(t) +Pk7fk,e(t)||L2(Q) 2 K — Qg 2 EZ,
for ¢ fixed and k large enough, since from (4.30))

Prllvie )Lz < prllve(t)llLz @) < ak-

Hence we have integrated Taylor expansions of ||@ + prvg,el[r2(q) from Lemma
at hand. Further, from Lemma @,

alt) + ot — |la(t dt
/[0<IIﬁIL2m)<w] (Hu( )+ Pk )HL"’(Q) ||U( )||L2(Q)>

u(t), vi(t
> Pk/ Mdt. (4.31)
o<llallyz oy <rel 1T L2

Using (4.30)) and the definition of vy ¢, we expand

2

5 ¢ (1)
= F(ug) — F(a) + 1 (i(ur) — j(@))
= F(ux) — F(a) + P1pk / ) [[or () |2 (o) dt
HIUHL2(Q):0]

+B/ a(t) + prvr(t)|| 2y = 180 L2 ) At
' [O<|“||L2(Q)<w]<H ok HL () H HL (Q))

+ f1 (j(aerkUk,Z) */ 1a(t)|IL2 (o) dt).

[H"]HL2(Q)Z"W]
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We insert Taylor expansions for F' and j(@+ pgvk,e) (cf. Lemma [@3)) as well as ([4.31)
to obtain, with a function 9J: [0, T] — [0, 1],

2
PLE > pef! (@i + BEF" (@4 prvn) v} + Bipi / o (8) |12 0 dt
[lally,2 () =0]

(@(t), vk (1)) (a(t), vk (t))
AN RV gt — 2 ¢
+Pre </[o<|u|L2<Q><w1 [a(®)llL2@) +/[|u|Lz<mzm a2 (o)

i (1(0). 010 (1), |
1pk/ -1 2 u(t), vk,e(t)) g

+ a(t Vg, e(t el s rer— de¢
2 Jllalys gy >rel 1G5y | [[vke®]lq ( a0

+ O(pillvrllEs o 1120)))-

Note that pk||vk||i3(O’T;L2(Q)) < prllvellLeo,miL2(0)) € Olar) by (4.30). Inserting this

and rearranging, we arrive at

nep;,
Tk > pip (F' (W)v + Buj (w5 0x))

2
+ %k (F" (@ + pprvi)vi + B (@03 0)) + O (awpi) -

Since vy, € T (1), we have F'(@)vg + f1j' (@;v,) > 0 by first order optimality (4.12). It is
thus practical to divide by pi /2 and insert a zero to obtain

F"(@)v} + Bu” (W vi o) < |[F"(w)vi — F" (u + 9eprve) vi| + Olan) + . (4.32)

We had prvr — 0 in L°(0, T; L2(Q)) as k — oo by construction. Hence, since F is twice
continuously differentiable by Lemma [4.6| and vy, is normalized in L2(0, T; L2(£2)),

|F" (w)vi — F" (u + Yxprok)vi| = 0 as k — oo.

It follows from Lemma and Lemma that the second derivatives on the left-
hand side in (4.32]) are both weakly lower semicontinuous with respect to their directions.
We thus obtain from (4.32))

F"(@)v? + Bij" (@;v7) < likm inf (F" (w)v + Buj” (w; v7 4)) = 0.
—00
Finally, a monotone convergence argument as in the proof of Theorem shows that
0@ 0?) = F'(@p? + 4y lim j7(307) <0
—00

so that v = 0 by (4.28).

Step 3: Contradiction to 8y > 0. From vy — v = 0, it follows that z,, — z, =0
in Y due to Theorem {4.3l Hence, setting G(u) == F(u) — %HuH%Q(O’T;LQ(Q)) and using
Lemma [£.6] for 85 = 0, we find

0 =G"(w)z2 < liminf G” (w)z2

k—o0

37
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Since vy was normalized in L?(0, T; L*(2)) and j”(a@; vf ;) > 0 for every £, we thus have

Ba < hm mf G"(u)z;, + B2

= liminf G”

im in 2y, T B2 likrgioféf lvkllrz0,15120)

(@)z;
(@)zy
< hkm inf F" (w)v}
< hkm inf F”(a)vi + 51 hm mfj (@307 )

< hkm inf (F"(u Wi+ B (@ v? e)) 0,
—o0

where again (4.32)) was used. This is the final contradiction and completes the proof. [

Appendix A. Auxiliary results

At several points we need the following growth lemma.

Lemma A.1 ([38 Ch. IV, Lem. 2.2]). Let Cy > 0 and suppose that f € C([a, b)) satisfies
f(s) >0 for all s € [a,b) and f(a) =0 as well as

f(s) < Co+ef(s)” foralls€]la,b)
for some o > 0. Ife < 2_‘703_”, then it follows that
f(s) <2Cy for all s € [a,b).

The remaining assertions are about the first and second derivatives of (powers of)
norms on Banach spaces. We need the results for Lebesgue spaces for which the following
result is a basic one.

Proposition A.2 ([28, Thms. 3.3&3.9]). Let T C R? for some d € N and let X be
a Banach space. Then the norm on LP(T;X) for 2 < p < oo is twice continuously
differentiable away from 0 if and only if the norm on X is twice continuously differentiable
away from 0 and the second derivative is uniformly bounded on the unit sphere in X.
The norm on L2(Y; X) is twice continuously differentiable away from 0 if and only if X
18 a Hilbert space.

The requirements in Proposition are clearly satisfied in the case X = R. Setting
T, (f) = || fllr (o) for 2 < p < oo, we have the following derivatives in f € LP(Q) \ {0}:

LN = 1f ey (F1772F5h) g
2
Yy (f)hihe = (p - )(fIILp V(PR ha) g = Il ) TT(CH )
i=1

The Hoélder inequality shows that [ Y7 (f)hiha| < ||f||£p1(9)||h1HLP(Q)||h2||Lp(Q), so Y} is
bounded on the unit sphere in LP(€2). This allows to invoke Proposition again for

38



O, 4(f) = [[fllLro,TLe(n)) With 2 < p,g < o0 or p = ¢ = 2, and a straight forward
calculation with the chain rule gives the derivatives in f # 0 as follows:

D= 11T o / Ol AGOIOL ]

! (F)hhe = (0= DIFIE 1w / LFON oy TT(Tatre)Ri(t)) at

=1

= DI e H / L T ) h(t) dt

A e / LF (O Y2 CF () (£ ha(t) .

We next consider powers of the norms @, ,. The general result is as follows. It shows
that with a sufficiently large power one can overcome the nondifferentiability in 0 of ®,, ,.

Lemma A.3. Let X be a Banach space and v > 1. Consider f: X — R and set

glx) = [f(@)]" " f(z).

1. Suppose that f is locally Lipschitz continuous in 0 and continuously differentiable on
X \ {0}. Then g is continuously differentiable on X with ¢'(0) = 0.

2. Suppose in addition that v > 2 and that f is twice continuously differentiable on
X\ {0} with |[f"(@)||lcixxxr) S |zl%' as @ = 0. Then g is twice continuously
differentiable on X with ¢'(0) = 0.

Proof. We can without loss of generality assume that f(0) = 0.

1. Tt is clear that g is continuously differentiable on X\ {0} with ¢’(x)h = v|f(x)|* =L f'(x)h.
Moreover, let R > 0 be such that f is Lipschitz continuous on a ball around 0 with radius
R. We denote the Lipschitz constant by Lr. Then we have for all h with ||h]|x < R

|g(h) = g(0) = 0-h| = |[f(R)]" < Li[lh|% € o(lIk]lx),

so g is differentiable in 0 with derivative ¢’(0) = 0. Since || f'(z)||xs < 1 for all X \ {0},
we further find
g’ (@)h] < vLE o]l Al

for all z with ||z||x < R. This shows that ||¢'(z)||x — 0 as z — 0 in X, so ¢’ is
continuous in 0.

2. Now g is even twice continuously differentiable on X \ {0} with
9" (@)hihy = v(v = 1)|f(@)]" 7 (f'(@)h) (f'(2)ha) + v]f (@)~ f" (@) hiho.
As above, we obtain, for all ho € X and hy with ||h1HX <R,
|9/ (h)ha = g/ (0)ha =0+ haha| < wLi™ [ |5 [he]
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hence ||g'(h1) — ¢'(0) — 0||x+ € o(||h1]|x) and ¢ is differentiable in 0 with ¢”(0) = 0.
Here we have used that v > 2 now. The claim that ¢’ is continuous in 0 follows from
the observation that

9" (@)haha| S ll2]l” 2P| || o2
for all hy,he € X \ {0} as x — 0 by the assumption on f”, and again v > 2. O

I

We set U, ,(y) = %||y||’ﬁp(07T;Lq(Q)) = %@F,q(y)p and want to show that it is twice
continuously differentiable for p > 2 using Lemma with f = ®,, and v = p. The
Lipschitz condition in Lemma is clearly satisfied since @, , is a norm, and we had
already seen that Proposition [A.2] implies the differentiability assumptions. Moreover,
repeated use of Holder’s inequality in the foregoing formula for <I>Z7 o shows that

|©5 o (k2] S N5 0 7wy 17 o mima @y 12l Le 0,70 @) -
Hence we can indeed apply Lemma [A.3|with f = @, ; and v = p to obtain the following:

Corollary A.4. For p > 2, the function ¥, , is twice continuously differentiable as a
mapping from LP(0, T; LI(Q)) to R. Its derivatives are given by

]
W = [ IO Ty wle)h) dt
]
= | Ol (w0120 ) g

and

VL0 = =) [ IOl (o)) @
Ha=1) [ IOl (02020 ot
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